Lecture Notes 19
36-705

So far we have focused on parametric models. Now we will turn our attention to nonpara-
metric inference. In particular, we will discuss estimating quantities known as statistical
functionals.

1 Statistical Functional

A statistical functional is a map ¥ that maps a distribution P to a real number (or vector).
Examples include:

the mean: ¢(P) = [ zp(x)dzx
the variance ¢(P) = [ 2?p(z)dz — ([ asp($)d$)2
the median ¢ (P) = F~'(1/2) where F is the cdf

Sometimes people refer to an unknown statistical functional as a parameter. This should
not be confused with the idea of a parameter in a parametric model.

At this point, let me remind you of some notation. If g is any function then we write

x ) = [ g(z)p(x)dz if X is continuous
/g< o) {Z] g(xj)p(x;) if X is discrete.

We also write this as [ g(z)dF(x) where F is the cdf.

2 Plug-In Estimators

Let Xq,...,X,, ~ P. Recall that the empirical distribution P, is the distribution that puts
mass 1/n at each data point. Thus

1
P,(A) = — I(X; € A).
CEFIRELR
The corresponding cdf — the empirical cdf — is
1
F,(t) = — I(X; <1).
(0= 1<)
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If g is any function then

[ s@apio) = [ g@idFi@) = =3 g0

If ¢(P) is a statistical functional, the plug-in estimator is

For example, if ¢(P) = [ xdP(x) is the mean then the plug-in estimator is

~

U =Y(P,) = /den(x) = %ZX

W(P) = / (z — p)2dP(x) = / 24P (x) — < / de(:c))2

is the variance then plug-in estimator is

U = (P) = /a:?dpn(:c) — </ den(x))Q _ %;Xf - (%ZX)Q
= %Z(Xi — X,

If

Let’s consider a bivariate example. Suppose that (X1,Y7), ..., (X,,Y,) ~ P. The covariance
1s

u(P) = BIXY] - EX) EY) = [ w9dP(ey) - [ 2dPle) [ yaP(y)

and the plug-in estimator is

~ 1 _ _ _
Un =~ ;xm — XY =) (X = X,)(Y = Y).

i

Is plug-in estimation a good idea? It depends. If the functional ¢ satisfies some weak
regularity conditions and P is well-behaved (for example, has some moments) that 1, can
be a good estimator. We won’t go into details on this here.

The next question is: how do we do inference for a statistical functional? We’ll dicuss two
approaches: influence functions and the bootstrap.
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3 Influence Functions

Let 0, denote a point mass at x. The influence function for a statistical functional v is

defined by
o) = iy Y0P+ b = (P)

For example, if ¢(P) is the mean of P then

V(1 —€e)P+eb:) —p(P) (1 —€)y(P) +ex) —¢(P) =z — (P).

€ €

Hence ¢(x) =z — ¢ (P).

Let’s consider another example. Suppose that 1(P) is the variance o2, that is, ¢¥(P) =
[ 2?dP(z) — ([ xdP(z))*. Let p denote the mean. Then

B((1— P +e8,) = b(P) = (1—¢) / PdP(x) + ea® — [(1 - ) + ea]® — ( / PdP(X) — )

and so

o(x) = lim Y= )P+ ed) = 9(P) =% — /x2dP(x) —2ux.

e—0 €

Notice that the influence function ¢ is itself a statistical functional: it depends on P. For
example, if ¢ is the mean then ¢(z) = x — 1 = x — ¢(P). So we can write

90(33) = 90(33’ P)

The empirical influence function is an estimate of the influence function obtained by replacing
P by P,, that is,
o(x) = p(z, P,).

So, for example, when ¢(x) = © — ¢ = o — (P) for the mean, the empirical influence
function is

Blr) == —(P) =z~ X,

Now we can use the following result.

Theorem 1 If ¢ satisfies some reqularity conditions then

Va((P) = ¥(x)) ~ N(0,77)

where



A consistent estimate of T2 is

1
~2 ~
= E P(Xi)
Hence, an asymptotic 1 — « confidence interval for (P) is

-~ Za/gT

wni\/ﬁ.

In the case where ¢ (P) is the mean we see that

= %ZQQ(XJ = lZ:(Xi - Xa)’ =55

and the confidence interval is
~ za/QSn

X, £
NLD

Of course, we did not need all this machinery to arrive at this confidence interval, but in
more complicated cases these methods can be very useful. Let’s consider another example.

Let 1(P) be the r*® quantile for 0 < 7 < 1. Assume that the cdf is strictly increasing so that

The plug-in estimator @/D\n is the 7" sample quantile

~

W, = inf{x : F,(x) > r}.

90(%):{@ r=v

The influence function is

m I>¢

where p is the density function. Hence,
r(1—r)
P*(¥)

To estimate 72 we would need to estimate the density p. We'll discuss how to do that later
in the course. However, there are simpler ways to get confidence intervals for quantiles.

. / & (2)dP(x) =

There are many subtle technicalities associated with influence functions. These are beyond
the scope of the course but if you are interested, search for semiparametric inference.



