B.4. Limit Theorems 637

exists a sequence {ϵk}^∞_{k=1} converging to 0 such that P (d(X, B) = ϵk) = 0 for all k. It follows that limn→∞ Pn(Cϵk ) = P (Cϵk ) for all k. Since Pn(B) ≤ Pn(Cϵk ) for every n and k, we have, for every k,

lim sup n→∞ Pn(B) ≤ lim_{n→∞} Pn(Cϵk ) = P (Cϵk ). Since P (B) = limk→∞ P (Cϵk ), we have (2). So, (2), (3), and (4) are equivalent and (1) implies (2).

All that remains is to prove that (2) implies (1). Assume (2), and let f be a bounded continuous function. Let m < f(x) < M for all x. For each k, let Fi,k = {x : f(x) ≤ m + (M − m)i/k} for i = 1, . . . , k. Let F0,k = ∅. Each Fi,k is closed, since f is continuous. Let Gi,k = Fi,k \ Fi−1,k for i = 1, . . . , k. It is easy to see that for every probability Q, m + (M − m) kX_{i=1 i − 1k Q(Gi,k ) <} Z_{f(x)dQ(x) ≤ m + (M − m)} kX_{i=1 ik Q(Gi,k ).} Since Q(Gi,k ) = Q(Fi,k) − Q(Fi−1,k ) for every i and k, we get M − M − m k kX_{i=1 Q(Fi,k) <} Z_{f(x)dQ(x) ≤ M +} M − m_{k −} M − m_k kX_{i=1 Q(Fi,k).} (B.84) For each i, lim sup n→∞ Pn(Fi,k) ≤ P (Fi,k). (B.85) It follows that, for every k, Z_{f(x)dP (x) ≤ M + M − mk − M − mk} kX_{i=1 P (Fi,k)} ≤ M + M − m k − M − m k kX_{i=1 lim supn→∞ Pn(Fi,k)} ≤ M − m k + lim inf n→∞ Z_{f(x)dPn(x),} where the first inequality follows from the second inequality in (B.84) with Q = P , the second inequality follows from (B.85), and the third inequality follows from the first inequality in (B.84) with Q = Pn. Letting k be arbitrarily large, we get

Z_{f(x)dP (x) ≤ lim infn→∞} Z_{f(x)dPn(x). (B.86)}

Now, apply the same reasoning to −f to get − Z_{f(x)dP (x) ≤ lim infn→∞} Z_{−f(x)dPn(x) = − lim supn→∞} Z_{f(x)dPn(x),} Z_{f(x)dP (x) ≥ lim supn→∞} Z_{f(x)dPn(x). (B.87)}

Together, (B.86) and (B.87) imply (1). 2