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Administrivia

U Please ask questions!

O Lecture = 40 minutes part 1 - 5 minutes break — 35 minutes part 2

4 Slides: http://www.stat.cmu.edu/~ryantibs/convexopt/

O Anonym feedback survey will be on black board next week.
Please use it! Constructive feedback and suggestions are always
welcome!

O Subscribe for scribing!

O My office hour is after the class.


http://www.stat.cmu.edu/~ryantibs/convexopt/

Basic Definitions

O More and more complicated optimization problems
O Definition of LP



Simplest Optimization Problems

Goal: MMV L0 0w MAX £(X)

= Constant function _( () = C Ké [P\“
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= 1-dim linear function with bound constraints
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Linear Programs

= n-dim linear function with m linear constraints ’

Inequality form:

Cost function: rim [0& MAXT] X +CaXyt . +Chn Xy

Constraints:
ST Oy X)) +a Xt + amxnéb’l

a:nwlx|+ anlel+-~ t Qm,r\xn £ ?/vh\
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Linear Programs

Inequality form using matrix notation:

— A
Cost function: A\ LOR MAX]) c'X ce A

M N "~
Constraints: ¢ T AXx 44 A C /A O €A

n
Bounds: L & X ¢ U Z 6//7\" ¥ €N
X €R"
Example: M IN ~2X, X2 C = [_-_’ _
6.7 X +X 45 ) '/ (- [ 3
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Goal of this (...and next) lecture(s)

O To be able to solve Linear Programs

Simplex Algorithm (Phase | and Phase I1)
(Later we will see other algorithms too)

4 Understand why LP is useful
= Motivation

= Applications in Machine Learning

O Understand the difficulties
= Convergence? Polynomial or Exponential many operations?

=  Will algorithms find the exact solutions, or only approximate
ones?



Table of Contents

O Motivating Examples & Applications:
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= standard form
= canonical form
O Solutions:
= Basic, Feasible, Optimal, Degenerate
0 Simplex algorithm:
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= Phase Il



Linear Programs

J Motivation

O History
O Sketching LP



Dantzig 1947 (Simplex method)

(one of the top 10 algorithms of the twentieth century)
Motivated by World War 11:
O Job scheduling (Assign 70 men to 70 jobs)

O Blending problem
(produce a blend (30% Lead, 30% Zinc, 40% Tin) out
of 9 different alloys (different mixture, different costs)
such that the cost is minimal)

O Network flow optimization (Max flow min cut)

10



The product mix problem

A furniture company manufactures four models of desks

Number of man hours and profit:

hrs

Carpentry shop 4 6000
hrs

Finishing shop hrs 1 1 3 40 4000
Profit $12 $20 $18 $40

X2 © Xa.>, 0, Xn23 0, Xy2 S o, X 20.XeZ 0

MAX PROFITZ 12X, 120Xg + 14Xy 4404y

L X, +9x2+7X‘b+/OXq+X9 ¢ G000
X, + X2, + Xy + Goyy + Xe L Y000

Why is it called Linear Programing??? 11

6. T.



Motivation: Why Linear Programing?

O The simplest, nontrivial optimization problem

O Many complex system (objective and constraints) can be well
approximated with linear equations

O Important applications

L There are efficient toolboxes that can solve LPs

12



Sketching Linear Programs

Example:

TWo ACT|LE Conol RAINTY
CCRNE :<

13



Simplex Algorithm

Example:

Xi+X,=H

X<y
e Simplex algorithm:
O-A-B-C
O-D-C

Interior point methods

14



Linear Program

X=¢  Observations, Difficulties:

» Feasible set might not exist, no solution

(Inconsistency in the constraints)

* Infinite many global optimum

(Optimum is on an edge)

Optimum can be -1, 1

(Unbounded optimum)

MIN][OoR MAX] c'X cem”
o7 AXcl Ae R™"
e xeU g, x€R
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Linear Program

High dimensional case is similar:

faces, facets instead of edges

cost function = hyperplane

MIN[OR Max| cTX cem”
o 7. AX L A€ m"‘“"\
gexeU g, u,x€R
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Applications

Pattern Classification via Linear Programming

17



Application

Pattern Classification via Linear Programming

More info can be found on: cgm.cs.mcgill.ca/~beezer/cs644/main.html

Goal: show how LP can be used for linear classification.

Why LP?

There are many efficient LP solver software packages

18



Pattern Classification via LP

Formal goal: 0\

) ‘ h
GUEN H=fiw WS o vT sems
A=dn Mﬂ.\,m“‘\}g(\x’\

Problem 1: Determine whether H and M are linearly separable

Problem 2: If H and M are linearly separable,
then find a separating hyper plane

Linearly separable sets: Linearly not separable sets:
o0
0%, o0 ° o0 o
o o
o 0 0 ® o
o
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Pattern Classification via LP

Linearly separable sets: Linearly not separable sets:
H
0%¢ ‘40 ©
o
o 0 0
M

Observation:

n
Ny Q&XGIP\ :O\TX?efS @
- - eRer
H and M are linearly separable <> 3 (O:E A 6.1 y g{x em"- drx(,,erj
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Pattern Classification via LP

Lemma 1:
“‘{”ZH% ks
m=5n ny..n BC"’\

H and M are linearly separable

'rHi, 6>+ Voo R ®

a€lN' 1
= 3 e qn’-vs V<t m
Proof
(= TRIVIAL
COINCE £(X) = Ax ~C 5€PAQATC5 4 AND M ‘

N Y AND M Aae LINERRLY GEPARANLE
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Pattern Classification via LP

Lemma 1:

L .
H and M are linearly separable aéfl\n - drH ~ 627 Vez) . A

= I9A LITTLE MORE COMPLICATTD
Proof

s A en o CTXV e YXEH
»dce Ly UxenN
= MIN CTx > & D MAX CTX

X €H XEN

/r
= LET P= NMIVCAX >
= L Y el Y€

22



Pattern Classification via LP

Proof continued

o LET P2 nwCTx - mMXcaso

x €H x€nN wax X ®

s n —;’—J-EM/N c'X + PAX :\

-

Tx - MIN 2 ¢cTx = L H'/‘/CT)(+MIA/0)(1
NOW, r’ll: AA <= cen PC)( 2 [xeH \Xf\H/_/
X €
MAX C'X +P
LT MIV CTX , MAACT 4] XEM [ nErp|
:‘p[er XEM

= L+) [ MY 0FF of & ]

= MIN OCI’)(C o+ )
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Pattern Classification via LP

Proof continued

/r
= LET P mwCIx - MY easQ _
I X €H x€N ax T
.1 L c'x + X ]
LET a=ZCER™ , b=y |h XEH
— 7 T
Similarly, MAX NX = MAX %c'&:;’;[ixcx +:fr)§CKJ
X€eW Xen "’
MIN CTx ~P
~ TNV CTx Xx€H
=y ia+><eH +HAXC/'X1 = -1l
. X€M
P A

S HMAX QA _ o
X€M - 24



Pattern Classification via LP

Proof continued

=S oAz ¢t YxEl g o ®
oTx & & /x el
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Pattern Classification via LP

We will see that the following linear problem solves Problem 1 & 2:
GIVEN 5€6TY H-= {H', Hll .,.)Hkb c JR"  [Mansgarian 1995] ’
_ ) 42 m"
1= in/ m/“/”m} R

& ~ UCH THAT
FIND M elR,Z2€IR, oeR, U € RS

Mw%[n;ﬁqm +4R ]+ L [z 22+ “?mj

T 6T > - ‘FH".,LQ,«H V=1
%em’“ > T j_Q/;H V)*l m
em“ %) /a«”
¢ €R 9 <
;70 Yzl m
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Pattern Classification via LP
GUCH THA]

FIND "aeﬂ zer”, aer’, v ¢ R
Mw%[mquql;r +R ]+ L [z 22+ “zm]
MEM o T M —oTH e Vf:/ (L)

g =/...m
Cen 2> o mi-e
. mim 20 Vit
¢
Theorem 1

H and M are linearly separable iff the optimal value of LP is O.

Theorem 2 i f(x)=a*T™x+b" is a
H and M are linearly separable _ :> separating hyperplane
y*, Z%, a", b" is an optimal solution of (LP) | ”




Pattern Classification via LP

.\

+ GUCH THA]
Fwvo mert zer”, aer’, v € R
MIN g [./1' tat "‘+jak1 +L L¥t+?x+~~4z"\]
v ~ - . »
s emt 6T g —-ol,-rH{'f?I""’l |7-.¢:/...
%G/A’“ %> drmJ_Q/:” VJ =/...Mm
O\eﬂn );0 \'/4,”0\
¢ €R 7 K
| ;70 Yjzl.m
Proof of Theorems 1 and 2 ‘

*n’
The optimal value of (LP) is 0 <<= (1) g =0
(#) 2¥=0 .
() Ty S bt \Je =/

W) oy & - et

vo M Ag € LIVERRLT GEPAR A'}Z%i/(o YPER PLANT o

=> H A _
= {x afTy - & =0 (5 A GEPRR
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Pattern Classification via LP

Application: Breast Cancer Diagnosis
Used at the University of Wisconsin Hospital

[Mangasarian et al 1995]

Fluid sample from breast.
Placed on a glass and stained the highlight the nuclei of cells

Image is taken

A\

30D features: Area, Radius, perimeter, etc

Goal: Classification between benign lumps and malignant lumps

Results: 97.5% accuracy

29



Pattern Classification via LP

Example 1: Linearly Separable Case H {[ >1) R=2
y

/

0

X1 O(I,J.

(OuﬂT e X,-1X,+1=Q M= { )(. )S m'l
N2
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Pattern Classification via LP

Example 2: Linearly nonseparable case H'{ 0);(;,)3 f f{(i) )(é)}

(0)\})\:(1.&) MIN 1(\/ +\()+, (g,,L:g)
\\ Y Yz. 1%1 ' ((%)
% N\ Q (7 H' & &4' ~ er_l_'
(0,0) (1,9 o1 Y' EO\ (lg,} "
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/_):0\'%3[ XHH! 2

1) )
%> [q, 0\21’”' T = 202707

2 \< ) )
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"‘f)/q’ ‘11 0 Z =Q .ZL‘ ij{. b")_ z ?L 0
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Linear Programs

O Standard from, Canonical form, Inequality form

O Transforming LPS

=  Pivot transformation

32



Linear Programs

Inequality form of LPs using matrix notation;

AW [oR Max)  CTX cg ﬂ\f\ @GW\M

— »*N
G .| AX & b /\6 [Am
g & X e cen” uER
X € R"

Standard form of LPs:
Miv X cepy”

S.T AX= £ ] ’
X > 0 );//6 I;;\g 9o Hé;/omlfﬁ/\/ﬁ REGUIRED
¢ A

Theorem: Any LP can be rewritten to an equivalent standard LP 33



Transforming LPs

Theorem: Any LP can be rewritten to an equivalent standard LP

O Getting rid of inequalities (except variable bounds)
NtX CY = X+ X, tX =
REEE O

SULACK VAar'AnLE

O Getting rid of equalities ‘

X +2/X — _,__J) X' ”'l)(lz'-q
' * (-'/ X"fQ,)Q 14
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Transforming LPs

O Getting rid of negative variables

XEM D X= U-v U230

O Getting rid of bounded variables

X€é LD -@fQ,éX
} X <h

- T
Q Max to Min MAX CTx = - rIN(=O)X

Tyv _ _ fr
O Negative bi aTX —_ 6’0 <f_'.‘.> /a{')( = 6&,
A
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