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U Please ask questions!

4 Slides: http://www.stat.cmu.edu/~ryantibs/convexopt/

0 Anonym feedback survey will be on black board today.

Please use it! Constructive feedback and suggestions are always
welcome!

O 1St recitation on Wednesday by Aaditya:
- Linear algebra, Calculus, Probability

- Linear Programming (another simplex method)


http://www.stat.cmu.edu/~ryantibs/convexopt/

Basic Definitions

O More and more complicated optimization problems
O Definition of LP



Simplest Optimization Problems

Goal: MMV L0 0w MAX £(X)

= Constant function _( () = C Ké [P\“
= 1-dim linear function —{(X\ c aX + &
MAX LY . 5 MIvV (X - o
X X

= 1-dim linear function with bound constraints

g5 => ARGNW £ 2C |F a0 /F
A 2 ane AW o 0




Linear Programs

= n-dim linear function with m linear constraints ’

Inequality form:

Cost function: rim [0& MAXT] X +CaXyt . +Chn Xy

Constraints:
ST Oy X)) +a Xt + amxnéb’l

a:nwlx|+ anlel+-~ t Qm,r\xn £ ?/vh\

Bounds: -'Q’I é. X\ é u‘ 2. CAN ’DE - o2
; A

LméXmé‘V{m



Linear Programs

Inequality form using matrix notation:

— A
Cost function: A\ LOR MAX]) c'X ce A

M N "~
Constraints: ¢ T AXx 44 A C /A O €A

n
Bounds: L & X ¢ U Z 6//7\" ¥ €N
X €R"
Example: M IN ~2X, X2 C = [_-_’ _
6.7 X +X 45 ) '/ (- [ 3
LX) {"b)(:,_“'l

X,%0, x50 " 4= [] U= [“’Ol



Goal of this (...and next) lecture(s)

O To be able to solve Linear Programs

Simplex Algorithm (Phase | and Phase I1)
(Later we will see other algorithms too)

4 Understand why LP is useful
= Motivation

= Applications in Machine Learning

O Understand the difficulties
= Convergence? Polynomial or Exponential many operations?

=  Will algorithms find the exact solutions, or only approximate
ones?
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O Motivating Examples & Applications:
= Pattern classification
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= standard form
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O Solutions:
= Basic, Feasible, Optimal, Degenerate
0 Simplex algorithm:
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= Phase Il



Linear Programs

J Motivation

O History
O Sketching LP



Dantzig 1947 (Simplex method)

(one of the top 10 algorithms of the twentieth century)
Motivated by World War 11:
O Job scheduling (Assign 70 men to 70 jobs)

O Blending problem
(produce a blend (30% Lead, 30% Zinc, 40% Tin) out
of 9 different alloys (different mixture, different costs)
such that the cost is minimal)

O Network flow optimization (Max flow min cut)

10



The product mix problem

A furniture company manufactures four models of desks

Number of man hours and profit:

hrs

Carpentry shop 4 6000
hrs

Finishing shop hrs 1 1 3 40 4000
Profit $12 $20 $18 $40

X, O Xo2, 0, Xn2 0, X2

M AX PROFIT 7 12X 12,009 + 14Xy 480k

X, + 9Xp T 7Ky 410X ¢ 6000
X+ Xo + % + Goky LY o0f

Why is it called Linear Programing??? 11

6. T.



Motivation: Why Linear Programing?

O The simplest, nontrivial optimization problem

O Many complex system (objective and constraints) can be well
approximated with linear equations

O Important applications

L There are efficient toolboxes that can solve LPs

12



Sketching Linear Programs

Example:

TWo ACT|LE Conol RAINTY
CCRNE :<

13



Simplex Algorithm

Example:

Xi+X,=H

X<y
e Simplex algorithm:
O-A-B-C
O-D-C

* Interior point methods

LX)+
Ok

14



Linear Program

X=¢  Observations, Difficulties:

» Feasible set might not exist, no solution

(Inconsistency in the constraints)

* Infinite many global optimum

(Optimum is on an edge)

Optimum can be -1, 1

(Unbounded optimum)

MIN][OoR MAX] c'X cem”
o7 AXcl Ae R™"
e xeU g, x€R

15



Linear Program

High dimensional case is similar:

faces, facets instead of edges

cost function = hyperplane

MIN[OR Max| cTX cem”
o 7. AX L A€ m"‘“"\
gexeU g, u,x€R

16



Applications

Pattern Classification via Linear Programming

17



Application

Pattern Classification via Linear Programming

More info can be found on: cgm.cs.mcgill.ca/~beezer/cs644/main.html

Goal: show how LP can be used for linear classification.

Why LP?

There are many efficient LP solver software packages

18



Pattern Classification via LP

Formal goal: 0\

) ‘ h
GUEN H=fiw WS o vT sems
A=dn Mﬂ.\,m“‘\}g(\x’\

Problem 1: Determine whether H and M are linearly separable

Problem 2: If H and M are linearly separable,
then find a separating hyper plane

Linearly separable sets: Linearly not separable sets:
o0
0%, o0 ° o0 o
o o
o 0 0 ® o
o

19



Pattern Classification via LP

Linearly separable sets: Linearly not separable sets:
H
0%¢ ‘40 ©
o
o 0 0
M

Observation:

n
Ny Q&XGIP\ :O\TX?efS @
- - eRer
H and M are linearly separable <> 3 (O:E A 6.1 y g{x em"- drx(,,erj

20



Pattern Classification via LP

Lemma 1:
“‘{”ZH% ks
m=5n ny..n BC"’\

H and M are linearly separable

'rHi, 6>+ Voo R ®

a€lN' 1
= 3 e qn’-vs V<t m
Proof
(= TRIVIAL
COINCE £(X) = Ax ~C 5€PAQATC5 4 AND M ‘

N Y AND M Aae LINERRLY GEPARANLE

21



Pattern Classification via LP

Lemma 1:

L .
H and M are linearly separable aéfl\n - drH ~ 627 Vez) . A

= I9A LITTLE MORE COMPLICATTD
Proof

s A en o CTXV e YXEH
»dce Ly UxenN
= MIN CTx > & D MAX CTX

X €H XEN

/r
= LET P= NMIVCAX >
= L Y el Y€

22



Pattern Classification via LP

Proof continued

o LET P2 nwCTx - mMXcaso

x €H x€nN wax X ®

s n —;’—J-EM/N c'X + PAX :\

-

Tx - MIN 2 ¢cTx = L H'/‘/CT)(+MIA/0)(1
NOW, r’ll: AA <= cen PC)( 2 [xeH \Xf\H/_/
X €
MAX C'X +P
LT MIV CTX , MAACT 4] XEM [ nErp|
:‘p[er XEM

= L+) [ MY 0FF of & ]

= MIN OCI’)(C o+ )

XQH 23



Pattern Classification via LP

Proof continued

/r
= LET P mwCIx - MY easQ _
I X €H x€N ax T
.1 L c'x + X ]
LET a=ZCER™ , b=y |h XEH
— 7 T
Similarly, MAX NX = MAX %c'&:;’;[ixcx +:fr)§CKJ
X€eW Xen "’
MIN CTx ~P
~ TNV CTx Xx€H
=y ia+><eH +HAXC/'X1 = -1l
. X€M
P A

S HMAX QA _ o
X€M - 24



= gcel FER - CTxY 0 YXEH

Ly UxeM
= MIN CTx > & D MAX CTX
X €H XEM .
-~ . Ty _ PMAX C 0
= LET P= NIVCAX >
= L x €H x€N
0.0! |
~ i O - = C
¢ (Cx - 6D = o
+_ 1
3 X €H ¢ A~
MIN c'X

25



Pattern Classification via LP

Proof continued

=S oAz ¢t YxEl g o ®
oTx & & /x el

26



Pattern Classification via LP

We will see that the following linear problem solves Problem 1 & 2:
GIVEN 5€6TY H-= {H', Hll .,.)Hkb c JR"  [Mansgarian 1995] ’
_ ) 42 m"
1= in/ m/“/”m} R

& ~ UCH THAT
FIND M elR,Z2€IR, oeR, U € RS

Mw%[n;ﬁqm +4R ]+ L [z 22+ “?mj

T 6T > - ‘FH".,LQ,«H V=1
%em’“ > T j_Q/;H V)*l m
em“ %) /a«”
¢ €R 9 <
;70 Yzl m

27



Pattern Classification via LP
GUCH THA]

FIND "aeﬂ zer”, aer’, v ¢ R
Mw%[mquql;r +R ]+ L [z 22+ “zm]
MEM o T M —oTH e Vf:/ (L)

g =/...m
Cen 2> o mi-e
. mim 20 Vit
¢
Theorem 1

H and M are linearly separable iff the optimal value of LP is O.

Theorem 2 ) f(x)=a*"™x+b™is a
H and M are linearly separable - > separating hyperplane
y", z°, a’, b” is an optimal solution of (LP) | 28




Pattern Classification via LP

.\

+ GUCH THA]
Fwvo mert zer”, aer’, v € R
MIN g [./1' tat "‘+jak1 +L L¥t+?x+~~4z"\]
v ~ - . »
s emt 6T g —-ol,-rH{'f?I""’l |7-.¢:/...
%G/A’“ %> drmJ_Q/:” VJ =/...Mm
O\eﬂn );0 \'/4,”0\
¢ €R 7 K
| ;70 Yjzl.m
Proof of Theorems 1 and 2 ‘

*n’
The optimal value of (LP) is 0 <<= (1) g =0
(#) 2¥=0 .
() Ty S bt \Je =/

W) oy & - et

vo M Ag € LIVERRLT GEPAR A'}Z%i/(o YPER PLANT o

=> H A _
= {x afTy - & =0 (5 A GEPRR

29



Pattern Classification via LP

Application: Breast Cancer Diagnosis
Used at the University of Wisconsin Hospital

[Mangasarian et al 1995]

Fluid sample from breast.
Placed on a glass and stained the highlight the nuclei of cells

Image is taken

A\

30D features: Area, Radius, perimeter, etc

Goal: Classification between benign lumps and malignant lumps

Results: 97.5% accuracy

30



Pattern Classification via LP

Example 1: Linearly Separable Case H {[ >1) R=2
y

/

0

X1 O(I,J.

(OuﬂT e X,-1X,+1=Q M= { )(. )S m'l
N2

(o,0) (1,0) X

(o
L 4
LP: MV 3’:("’. AR (?”Z)

i, T
&, 0 o7 ¥y - [O"/ ::J{ }1;6.“ (UO)

¢ — —a, 4
al |
1,12 Yo7 7 -L% ’*1‘1’ | &+ ( )
), €&,

~_\_//—'_"\ ﬂ _ "’(/“”
AN OPT/MAL 50LUTION & /[0\;,0\1" K -+ = L0y

BT ~ &+
T L,-2) &=l T2 > ‘[, ml][ \bl - 0120
o =[o,-1\ L=-|

R 0-1*\"”(9_‘*‘\/’0 \{’ T Z 2 .70 \"[ /X 31




Pattern Classification via LP

Example 2: Linearly nonseparable case H'{ 0);(;,)3 f f{(i) )(é)}

(0)\})\:(1.&) MIN 1(\/ +\()+, (g,,L:g)
\\ Y Yz. 1%1 ' ((%)
% N\ Q (7 H' & &4' ~ er_l_'
(0,0) (1,9 o1 Y' EO\ (lg,} "

- =0, -0, +41)
/_):0\'%3[ XHH! 2

1) )
%> [q, 0\21’”' T = 202707

2 \< ) )
‘@ Lo, “J[:i\"t’rﬂ =0, =%

AN cpT) DAL SeLuTion . &(1) S,
"‘f)/q’ ‘11 0 Z =Q .ZL‘ ij{. b")_ z ?L 0

G2, a0} 92K 4y, H g 1yg PROPOSEY V"“WMAM

HYPER PLANE 32



Linear Programs

O Standard from, Canonical form, Inequality form

O Transforming LPS

=  Pivot transformation

33



Linear Programs

Inequality form of LPs using matrix notation;

AW [oR Max)  CTX cg ﬂ\f\ @GW\M

— »*N
G .| AX & b /\6 [Am
g & X e cen” uER
X € R"

Standard form of LPs:
Miv X cepy”

S.T AX= £ ] ’
X > 0 );//6 I;;\g 9o Hé;/omlfﬁ/\/ﬁ REGUIRED
¢ A

Theorem: Any LP can be rewritten to an equivalent standard LP 34



Transforming LPs

Theorem: Any LP can be rewritten to an equivalent standard LP

O Getting rid of inequalities (except variable bounds)
NtX CY = X+ X, tX =
REEE O

SULACK VAar'AnLE

O Getting rid of equalities ‘

X +2/X — _,__J) X' ”'l)(lz'-q
' * (-'/ X"fQ,)Q 14

35



Transforming LPs

O Getting rid of negative variables

XEM D X= U-v U230

O Getting rid of bounded variables

X€é LD -@fQ,éX
} X <h

- T
Q Max to Min MAX CTx = - rIN(=O)X

Tyv _ _ fr
O Negative bi aTX —_ 6’0 <f_'.‘.> /a{')( = 6&,
A

36



From Inequality Form to Standard Form

Inequality form

max 2x+3y S.1.

rX+y -4

»2X + By - 12 If std fm has n vars, m eqns,

»X+2y -5 then ineq form has

» X,y . 0O n—m vars and m+(n—m)=n ineqs
Standard form (herem=3,n=5)

max 2x+3y S.1.

XTYTUSE  GLACK VARIARES

X+ 5y +vgl2
»X + 2y + WgeE S ’

>)(1>/1U1V1Wbo 37



Linear Programing 2

38



Pivot Transformation

Consider the following problem
MIN €

5T LK) 41X +2Xn* Xy 1 ¥Ag =€
b¥, +LX0 KXy X, <17
Xy + X DXy +Xy 4 Xg =F

X.z0 ¢=1,..,5

Definition: [Pivot]

4 Choose a nonzero element, e.g. 3X,
O Use this to eliminate X, from the remaining equations

[ = Gauss elimination

39



Pivot Transformation

MIN €
LX, 42X +2Kn Xy THXg =€

LY, +Q.XL+P)X'9«‘X9{’¥/5’ />

Xy P X F BX}*XL(/*H(%{? ’

— —— — —~— P — — ——

40



Pivot Transformation

After pivot we got an equivalent system: The solution set is the same.

If we pivot again, say in X,/3, then

—=zZ_%
%X\{—O)(z_—'-,—;-)(—bﬁcx\f"‘%x%’{z 3 '
0 X _ _ 3

Let us rewrite this: 41



Canonical Form

~

-2 +2AX, +CXy ‘QX’b +tOXy + 'X\; |
LX) +0X, 2Ky + Xy - 1Xg =
- X+ X, "'lX)*OXq«* X5 7Y )

)

)

Definition [canonical form]

d (*) is in canonical form w.r.t (-Z2), X,, X, variables
d X;, X3, X5 = Independent (Nonbasic) variables
4 -Z, X,, X, = Dependent (Basic) variables.

They are expressed with other variables

42



Canonical Form

) +2X, + 0Xy ~5Xy *OXW‘”XS =l
2 X, +Oxl*lbx*9+“(q, |X<5 =D
- X +IXZ+2/X3+OXL}«*2/X5_(‘3_ )

— X:20 v21,..,5

1
Vrur
X

d X;, X3, X5 = Independent (Nonbasic) variables
4 -Z, X,, X, = Dependent (Basic) variables.

If we set the nonbasics to zero, then we get values for the basic variables:

””T,C'MG/'&(Z
XN © (X;,ng)(g) =(0, 0/0) /i/ﬂ(f X,< 0!
However, if X; and X, had been chose for pivoting, then & '

C=7) ¥ A1) X‘rf,’)/ =\, X’)Xé”) (%/0,0)



Canonical Form

Goal of pivots: reduce the original LP problem to canonical form

From canonical form it is easy to find a (basic) solution:

(we just need to set the nonbasic variables to zero)

This basic solution might be

O not feasible (because of the boundary constraint!
We have to have X, _ 0)

O not optimal (i.e. Z is not minimal)

Pivoting does not alter the solution set.

(After pivots the systems are equivalent)
44



Canonical Form

F2) +2X, + 0Xy =SXa tOXy + )5 = -]
LX) +0X, * 0Ky 41Xy - IXg =)
X 40X, *lXD*OXq,‘f X 7Y

Formal definition of canonical form:

. . "
A system of m equations f(:md n variables (Xj)je. ’
is in canonical form w.r.t X5, , X;., .., X,
o1k ) hevayes ®

~
)( X g [-TLZ) X‘-I’) X’L/} ‘
2 X: | Cof# /M 2. "
T ocee 6o, eq L%, X, %,

= THE S15TEN T X, +AXN = -

_ e T
(04
o X2 152 2 bxs)

45



Canonical Form

Canonical form:

ToXpy +AX, = 4

S

Definition: [Basic solution] ’
g
Y

Example _ 4~ Yors) =0
X DD
Xm’(xl' YN) —5))(25{/“2

X gy = (Xs1, - o)
TH)5 BASIC SOLUTIONIS FEAG B (= b2 0. Um0

46



Warming up for the Simplex Algorithm

How to solve LPs if we already have

a canonical form with basic feasible solution?

Simplex Algorithm Phase 11

a7



Starting from Canonical Form

Assume that we have a canonical form with feasible basic solution

—'2 +CM|X"\'+.+-,_+CJX).+.+C"Xr\ :_Zo ’
X, ‘
.‘ Xt ta <O,
x‘;\llo Xm +am/m4,)(m+;*.-"a‘m XJ+ ™ n )(r\
leLce N

FACTORS DIFLERENT IN
\\ C = RECATIVE COSJ A OFTERINT A5

Using matrix notation: 2 2
- -Te
| 0 C ) K L (
v )=\ & ®
(O fm A X
In this canonical form the basic solution is:

¢Ze X}U=
Ayl qgpobE S L e

48



Improving a Nonoptimal Basic Solution

Let us continue the example

2) +2X, + CXy. -‘5)(3 TOXy + x5 = -l
2 X, +ox1+’bx~b+|3(q, IXg =7 (%)

=Xy o+ X, Ty 0Ny t AXs =Y
Basic feasible solution:  =_ X =( Ko, X)) = (%) ’

XN = (Xa,z\’gj)(g) = (O/&O)
Goal: minZ,s.t. X, _ O

d The relative cost factor of X5 is (-5)<0

d Let us see if we can change X5 from zero to decrease Z

49



Improving a Nonoptimal Basic Solution

d The relative cost factor of X5 is (-5)<0

Xp = (X
2) +2X, +CXy =SXa 0Ny +1Xg = -l < 'D’ \[',Xz):@, v
LXK +0X, 120y + Xy - IXg =D (9 X0t Yoo
- X + l&w“l\x,»roxqw«xs =4 Z=
d Keep X3, and Xg=(-Z,X,,X,) as parameters. (X;,X5)=(0,0) ’
S——
)(q - ‘3)(3 X; _ 0, so we can decrease Z by changing
Xa_ = Cf'fl»xb those X; components which have C<0

relative cost factors!
We can decrease Z by increasing X5 from O, ’

as long as Ay = Y -Hiy = Oj
Xy 4~ 1%, 3o

50



Improving a Nonoptimal Basic Solution

(x) © <= =9 X X _ 0, so we can decrease Z by changing
)(q ) —3)(“) those X; components which have C,<0
Xo = U ’ixb relative cost factors

We can decrease Z by increasing X; from O,

as long as
< )(L(, =iy ‘32(:27 0 ) +2X, + CXq —5Xa +OXy + 'X‘B = -
Z ’ZX@ZO LX) +0Xq >+ Xy - 1Xg
Xz/ q/ — - Xy + [ X, X» tOXy t AXs @

- T THE BEST INTHIE CAE D R <lI-S =¢
)_(g(,'q)'} =0 :?)(Lf 007'0 ‘

Y =¢-2°2

>

N\-‘v‘

51



Improving a Nonoptimal Basic Solution

- S ME&,
(x) © B=1-5% O o
Xl-t "5‘3)(3 )(’D:(X"l’)xz):(}; &) X = _ZX1)‘('lQ)
2| X ) = (x o
XQ..: q,lxb XN ( lixa))X(g)»(0,0)o) XI\/_ ( U)Xq,/xs)_lo) )0)
What j <=1 ¢°-6
at just happened?
0 We brought X; into X.
O Either X, or X, can go out into X

O We chose X, to go out, because that minimizes Z the most

d This is the same as making a pivot on 3X; in (*)

-2 +2AX, +CXy -SX +tOXy + 'Xg |
2 X X - %)
| H0X, 2+ Xy - IXg =2

- X+ X, +2X5+0Xq+ Xs =Y

52



Improving a Nonoptimal Basic Solution

- X+ X, +2X5+0Xq+ Xs =Y

CORCIONRCE A PR U EIE A A VO

v >
%X\+Oxg_"’x5+’%ﬁ - Xs fi 5757‘&7
4 )X, * X2 tox, _ 7 _
! )S\ . ) %xw(w%) 6 =l -3
7 ’% = -
| X@ X’b)XQJ) Xf\/ (XD/X(‘/ XS) (O 00) '

2 wow Co =1~ )..._2< )Tyewnfwmsemet O

53



Improving a Nonoptimal Basic Solution

(=5-0%

Now Cg=(1-2)2 -3{0 D2 C,A/V

¢ Ks WILL CCPETo Xp, = (X X ) =) XS, Xz, Yo PhRaweTeqy
o £/7FER X2 O% X5 wiLL GO ouT X\ =Xy20 Q@

¥ B EeE5

Xq ? l'%XS ZO

54



Improving a Nonoptimal Basic Solution

Z can ot IMPROVED

Ny Co=(1-2)--2y0 2 ’ to
D W Cor| 5) 50 Dy oant vt a5 BEel g

= =2 couLh nE MIMHAIZED To -0
(A | _ - 113 cat ALl <0 ) Z
IF , V7
A 25 3/%

=)%Xs =% 70 Xp FROMYy (v @

wE p/voeT oN 9;-)(5
)(150 7O X ‘ﬂ?OI’M/b OuUT

55



Improving a Nonoptimal Basic Solution

(_z) I L;_ X\ +0X2+0X—ﬁ +%)((f—%)(s‘=“‘6

%X, + 00Xy 4 Xo +}Ler _l_)_ >(9=|

‘\.
3 4+ X, +0X, -2 Xg 42 Xc|=2 />(3‘- /xlr) /xf_%
'5"\? % L e s '3 & O
@(-Z)*(%*E)XM% *OXs, +(§ _Q/)Xl{ +OXg = »Q+_L2r.
D 2 '
(@—Z)XHL&Z +X5 +(L,;,Xq+0x9‘l+3
3 24 § E 24) 3 ¢
- Ex 420 40X, -2 %q + Xg 7 2
]
= -2 =l
= [ +5 -
ERE B X = ()X, Xy) <0
X5=Q-:}-
&

56



The Simplex Algorithm (Phase |1)

Key components of the simplex algorithm

1. Optimality test

C.>0 V. = DASIC FERSIRLE S50LUT/
3% 05 DT 0¥T/MAL v ®

2. In each step one variable in, one variable out
(Traveling on the neighboring corners of the polytope) ‘

rHRING O-N‘é VARIABLE TO X, FROA Xy
' - Xp T~ Xn

3. The adjusted values have to be nonnegative

57



The Simplex Algorithm (Phase 2)

Assume that we start from a feasible canonical form:
-2) +OXp +CT Xy = -2
TXp)+ AXn = %
The initial feasible solution is: X, = 20 Z -2, @
Xn* Y
Steps of the Simplex algorithm

(1) Smallest reduced cost
FIND &= ARGMIN C; o

J
= MIN ¢

58



The Simplex Algorithm

Steps of the Simplex algorithm

(2) Test for optimality

[F Co 20 = REPORT THE IZR5)C FEAS)HLE SouTion (@)
AS OPTIMAL AVD ST0¥

(3) Incoming variable
[F C<0 =) 6 /5 THE INOEX OF 7HE IV COMIN G VAR |ang
p)

\ C (¢ CeMVG V/AR\A@!
L’ N O 0 oV ) 06)(//\/6 RNV [N E/

(4) Test for unbounded Z
WE il USE THE G7TH COLUMNG oF4

TIOM 15 (//VBM//VO ZhH
X T4 OPTIPAL SOLU! €
¥ Ass0 = & - —o0[THE d

XQ‘QDO@E")'(’O

59



The Simplex Algorithm

Steps of the Simplex algorithm

(5) Outgoing variable  This r will show the outgoing variable

e The basic variable in the rth row of A ‘

LET = ARG MIN [ <
WE pijvoT iv POSITIVE ATs!
REVEMNDER, ¥ A.5 40 S Zr - ot

Lemma [New basic solution remains feasible]

THIS WAY, £0R THE VW L) (= &) wE HAVE 4, z 0 O
Proof -A, C L
Froo 6/) _ J, Jrfr,, éJ_S S0 9INCE F AJ9 20 / ‘

Ary 7= FFIs209 by g,
2% Ag 60



The Simplex Algorithm

Steps of the Simplex algorithm

(6) Pivot on A
« This gives us new basic feasible solution

 We do this pivot regardless if Z changes or not

("?)f(‘fo)-f(f’,r'(ig) ‘

Ars

¥ G, =0 DIV CHANGE i 2!

61



The Simplex Algorithm

Steps of the Simplex algorithm

* If zero change in the objective Z, then cycling can happen

« Bland rule can avoid cycling

Bland’s rule: Whenever the pivot in the simplex method would result in

a zero change of the objective Z, do the following:

() Incoming column: ~
— HAVING ThHE

cHoo5E prvelT ceLUMV J=6 Wil Ci<0smutst @
WOEx )

(i) Outgoing column: S THE SMALLE LT
_ THAT A
cH ooyt THE EL1GIHLE coLumv WO ‘

62



The Simplex Algorithm Summary

Theorem:
A basic feasible solution is optimal with total cost Z,,

if all relative cost factors (C;, ]=1,...,n) are nonnegative.

Proof:
+CM‘X"\'+.+-,_+ CJ.X),+°+Can\ o —Zo
-2 G =
)(l +0'}M0Xm+)+" ‘PLQ')'X) ‘e nXn = i
X, ‘

.‘ oAt e X © T
x£?40n Xm'*aﬂ",?'\*lxmﬂ*--)ra"‘”) XJ N Aan
114

Theorem:

A basic feasible solution is the unique optimal solution with total cost Z,,

If CJ->O for all nonbasic variables.
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The Simplex Algorithm Summary

Theorem:

Assuming “non-degeneracy” at each iteration (b>0, J=1,...,m),

the simplex algorithm will converge in finite steps.

Proof:
There are only finite many basis, and because of “non-degeneracy”,

cycling cannot happen.

Remark:

O If we use infinite-precision arithmetic, then we can find the exact
solution. (No approximation used)

O Interior point methods can only converge to an epsilon ball that

contains the solution.
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The full Simplex Algorithm

So far we have assumed that a basic feasible solution in canonical form is

available to start the algorithm...
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The Simplex Algorithm Summary

The simplex method can be applied to a Linear Program in standard form:
MIN CTX

x>0 @
o1 Ax=%

Phase I:

- Find a starting basic feasible solution in canonical form

YY, t¥y, =5
and detect redundancies Qx,‘ +d’x§;/o

- or determine if such solution doesn’t exist

_ _ _ Y, +‘/X,7~f 5
detect inconsistencies CX. 4 8¥2’{ 7

Phase I1I:
If starting basic solution found, then WE HALE )
| | | o1scusir Tvis @
- find an optimal solution

- or show that Z —» -1 is possible 66



The Simplex Algorithm Phase |

Example
BORALTIRYY SRR (VI Lf’Xscz
o1 WX 12X 1245 +3Xq + X =1 £
X, + Xo 9)(34(4-%)(9«’7

_> MV
7 | ()

Goal: We want to find a feasible solution

Phase I:
(i) Forget the cost function c'x.

(ii) Introduce X4, X, _ 0. [One variable for each row]
(i) Solve ,4:0;\/- Xet Xz =W
720 =/
X4i7 t DYy X Yo t0Xz <17

- Y, + LXa 11D 5
7 LP)(:-I» Xl,+ SX))‘f X\f +XS*OYC+ X;,-;Z
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The Simplex Algorithm Phase |

AN X+ Xz =W

(x2)

X170 ¢=/.. ¢ )
— LPX|+Q,X:L,+"by’b +34V((+XS+ YQ "'0)(:,1 =1L

T T Kt Syt Ky ke 0k X

Theorem: (*2) has feasible optimal solution such that X;=X,=0

Iff (*1) has feasible solution

Remarks:

O (*2) is easy to convert to a feasible canonical solution (We will see)

d We can find its optimal solution (Xz=X,=0) with the Phase Il algorithm

This is a feasible solution of (*1)
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Tableaux

X420 ¢c=/.. ¢ OXy =12 é(l)
Gy 4+ 2Xat 1Yy DN e Xst X T OTE O
7 X+ Ko + Ok + Xy 44 1 OXe? Xy -
1 O 0 0 0 0 1 1 0 -
0 4 2 13 3 1 1 0 17 %"
0 1 1 5 1 1 0 1 7

It’s easy to convert this to a feasible canonical form:

variable Q)]
-W 1 -5 -3 -18 4 -2 O 0 -24

Xe 0 4 2 13 3 1 1 0 17

X 0 1 1 5 1 1 O 1 7
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Tableaux

Now, we can run the Phase 2 algorithm on this table to get a feasible solution of (*1):

N T O O O
—W)

18 -4
x6 0 4 2 @ 3 1 1 0 17
X; 0O 1 1 1 0 1 7
-1 19 THt GHALLEST C,{ 0 =) Pivor IVNCoLymnn %
*+, 7 =S])eivoT o~ 1 ‘
Y X |V

X¢ OVT
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Tableaux

Now, we can run the Phase 2 algorithm on this table to get a feasible solution of (*1):

N e o O
—W)

18 -4

x6o 4 2 @3 1 1 0 17

X, 0 1 1 1 0 1 7

H

S S N N O (2 s
(-W)

-5+18/13*4  -3+18/13*2 -4+18/13*3 -2+18/13 18/13 -24+18/13*7
X5 0 4/13 2/13 1 3/13 1/13 1/13 0 17/13
X 0 1-5/13*4 1-5/13*2 0 1-5/13*3 1-5/13 -5/13 1 7-5/13*7
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Tableaux

S S N O N O O )

-5+18/13*4  -3+18/13*2 -4+18/13*3 -2+18/13 18/13 -24+18/13*7
X5 0 4/13 2/13 1 3/13 1/13 1/13 0 17/13
X 0 1-5/13*4 1-5/13*2 0 1-5/13*3 1-5/13 -5/13 1 7-5/13*7

Let us simplify this Table a little:

S O N N O 2 s
(-W)

-7/13 -3/13 2/13 -8/13 18/13 -6/13
X3 0 4/13 2/13 1 3/13 1/13 1/13 0 17/13
X5 0 1-7/13 3/13 0 -2/13 -5/13 1 6/13
»
rPIvVOT

~F/1m 1S THE 9NALLEST AMONG AL C; ;X0 =) % ‘

/1> ) 1#15 =~ x, oul
J/m( (/1M -> * 72



Tableaux

(-w)
-w 1 0 0 0 0 0 1 1 0
X 0 3/8 1/8 1 1/4 0 -1/8 0  5/4

X5 0 -7/8 3/8 0 -1/4 1 -5/8 1/8 3/4

All the relative costs are nonnegative ) optimal feasible solution.

Phase | is finished. ’
_ FEASIMLE MASIC So0LuToN
~Ww +Xetzg ~ of THE ORIGINAL (%) PRODLEM
X~ = Oy (l
Xs =z N

PHAS E T CANVN DE STARTED
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Tableaux

"iliﬁiilIiiiillllIiiHIIIIIIIIIEH%IIIIIIIIIIii%llllIHHHIIIIIIIIIi%illllllliiilllIiiil“iiiiﬁillllll
(-w)

W 1 0 0 0 0 0 1 1 0

Xq 0 3/8 1/8 1 1/4 0 -1/8 0 5/4

X5 0 -7/8 3/8 0 -1/4 1 -5/8 1/8 3/4

oKl CIMAL Co6T FUNCTION ' Z= gXx 11X, P2, +Xy +xg 1IN

)
(-Z)
-Z
X3 0 3/8 1/8 1 1/4 0 -1/8 0 5/4
Xs 0 -7/8 3/8 0 -1/4 1 -5/8 1/8 3/4
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Tableaux

-Z
-Z 1 2 1 2 1 4 0 0 0

X, 0 3/8 1/8 1 1/4 0 -1/8 0 5/4 5 2x

“Gx

X5 0 -7/8 3/8 0 -1/4 1 -5/8 1/8 3/4

Make it to canonical form and continue with Phase I1...

Do not make pivots in the column of X; and X,
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Simplex Algorithm with Matlab

f=[5 -4 -6];

A=[1-11
324
320}

b =[20 42 30];

lb = zeros(3,1);
options = optimset(‘LargeScale’,'off','Simplex’,'on’);

[X,fval,exitflag,output,lambda] = linprog(f,A,b,[].[],Ib,[],[],options);
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Relevant Books

O Luenberger, David G. Linear and Nonlinear Programming. 2nd ed.
Reading, MA: Addison Wesley, 1984. ISBN: 0201157942.

O Bertsimas, Dimitris, and John Tsitsiklis. Introduction to Linear
Optimization. Athena Scientific Press, 1997. ISBN: 1886529191.

O Dantzig, Thapa: Linear Programming
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Summary

O Linear programs:
= standard form,
= canonical form
O Solutions:
= Basic, Feasible, Optimal, Degenerate
O Simplex algorithm:
= Phase |
= Phase Il
O Applications:

=  Pattern classification
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