Q HW1 will be out tonight! Have fun ©



Simplex Algorithm in 1 Slide
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The full Simplex Algorithm

So far we have assumed that a basic feasible solution in canonical form is

available to start the algorithm...



The Simplex Algorithm Phase |

Example
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Goal: We want to find a feasible solution

Phase I:
(i) Forget the cost function c'x.

(ii) Introduce X4, X, _ 0. [One variable for each row]
(i) Solve ,4:0;\/- Xet Xz =W
720 =/
X4i7 t DYy X Yo t0Xz <17

- Y, + LXa 11D 5
7 LPX||+ Xl,+ SX))‘f X\f +XS*OYC+ X;,-;Z



The Simplex Algorithm Phase |

AN X+ Xz =W

(x2)

X170 ¢=/.. ¢ )
— LPX|+Q/X:L,+'by’b +34V((+XS+ YQ "'0)(:,1 =1L

T T Kt Syt Ky ke 0k X

Theorem: (*2) has feasible optimal solution such that X;=X,=0

Iff (*1) has feasible solution

Remarks:

O (*2) is easy to convert to a feasible canonical solution (We will see)

d We can find its optimal solution (Xz=X,=0) with the Phase Il algorithm
This is a feasible solution of (*1)



Tableaux

X420 ¢c=/.. ¢ OXy =12 é(l)
Gy 4+ 2Xat 1Yy DN e Xst X T OTE O
7 X+ Ko + Ok + Xy 44 1 OXe? Xy -
1 O 0 0 0 0 1 1 0 -
0 4 2 13 3 1 1 0 17 %"
0 1 1 5 1 1 0 1 7

It’s easy to convert this to a feasible canonical form:

:
variable Q)]
-W 1 -5 -3 -18 4 -2 O 0 -24

Xe 0 4 2 13 3 1 1 0 17
X 0 1 1 5 1 1 O 1 7



Tableaux

Now, we can run the Phase 2 algorithm on this table to get a feasible solution of (*1):

N T O O O
—W)

18 -4

x6o 4 2 @3 1 1 0 17

X, 0 1 1 1 o 1 7
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Tableaux

Now, we can run the Phase 2 algorithm on this table to get a feasible solution of (*1):

N e o O
—W)

18 -4

x6o 4 2 @3 1 1 0 17

X, 0 1 1 1 0 1 7

H

S S N N O (2 s
(-W)

-5+18/13*4  -3+18/13*2 -4+18/13*3 -2+18/13 18/13 -24+18/13*7
X5 0 4/13 2/13 1 3/13 1/13 1/13 0 17/13
X 0 1-5/13*4 1-5/13*2 0 1-5/13*3 1-5/13 -5/13 1 7-5/13*7



Tableaux

S S N O N O O )

-5+18/13*4  -3+18/13*2 -4+18/13*3 -2+18/13 18/13 -24+18/13*7
X5 0 4/13 2/13 1 3/13 1/13 1/13 0 17/13
X 0 1-5/13*4 1-5/13*2 0 1-5/13*3 1-5/13 -5/13 1 7-5/13*7

Let us simplify this Table a little:

S O N N O 2 s
(-W)

-7/13 -3/13 2/13 -8/13 18/13 -6/13
X3 0 4/13 2/13 1 3/13 1/13 1/13 0 17/13
X5 0 1-7/13 3/13 0 -2/13 -5/13 1 6/13
»
rPIvVOT
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Tableaux

(-w)
-w 1 0 0 0 0 0 1 1 0
X 0 3/8 1/8 1 1/4 0 -1/8 0  5/4

X5 0 -7/8 3/8 0 -1/4 1 -5/8 1/8 3/4

All the relative costs are nonnegative ) optimal feasible solution.

Phase | is finished.
FEASIMLE MASIC So0LuToN

—Ww +Xct Xz “ of 7THE ORIG|NAL (1) PRONLEM
x,b = S/q \”/
Xs =y

PHAS E T CANVN DE STRARTED
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Tableaux

"iliﬁii“iiﬁillllIiiHIIIIIIIIIHEIIIIIIIIIIii%llllIEHHIIIIIIIIIiﬁ%llllllliiilllIiiilliiiiﬁillllll
(-w)

W 1 0 0 0 0 0 1 1 0

Xq 0 3/8 1/8 1 1/4 0 -1/8 0 5/4

X5 0 -7/8 3/8 0 -1/4 1 -5/8 1/8 3/4

oKl CIMAL Co6T FUNCTION ' Z= gXx 11X, P2, +Xy +xg 311V

)
(-Z)
-Z
X3 0 3/8 1/8 1 1/4 0 -1/8 0 5/4
Xs 0 -7/8 3/8 0 -1/4 1 -5/8 1/8 3/4
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Tableaux

-Z
-Z 1 2 1 2 1 4 0 0 0

X, 0 3/8 1/8 1 1/4 0 -1/8 0 5/4 5 2x

“Gx

X5 0 -7/8 3/8 0 -1/4 1 -5/8 1/8 3/4

Make it to canonical form and continue with Phase I1...

Do not make pivots in the column of X; and X,
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Simplex Algorithm with Matlab

f=[5 -4 -6];

A=[1-11
324
320}

b =[20 42 30];

lb = zeros(3,1);
options = optimset(‘LargeScale’,'off','Simplex’,'on’);

[X,fval,exitflag,output,lambda] = linprog(f,A,b,[].[],Ib,[],[],options);
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Relevant Books

O Luenberger, David G. Linear and Nonlinear Programming. 2nd ed.
Reading, MA: Addison Wesley, 1984. ISBN: 0201157942.

O Bertsimas, Dimitris, and John Tsitsiklis. Introduction to Linear
Optimization. Athena Scientific Press, 1997. ISBN: 1886529191.

O Dantzig, Thapa: Linear Programming
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Summary

O Linear programs:
= standard form,
= canonical form
O Solutions:
= Basic, Feasible, Optimal, Degenerate
O Simplex algorithm:
= Phase |
= Phase Il
O Applications:

=  Pattern classification
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Convex Optimization

CMU-10725
4. Convexity

Barnabas Pdczos & Ryan Tibshirani

M MACHINE LEARNING DEPARTMENT
_

11111




Goal of this lecture

1 Review of Convex sets & Convex functions
=  Definition
= Examples

= Basic properties

Books to Read.:
« Boyd and Vandenberghe: Convex Optimization, Chapters 2 & 3

 Rockafellar: Convex Analysis
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Line and Line Segments

Definition [Line]:

{x € R"x =0x1+ (1 —0)xo,0 € R}/g

X\

- pelD!
Definition [Line segment]: LINC

{x € Rz =60x1+ (1 —0)xp,0 € [0,1]}

/XL

X\
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Affine Sets

Definition [Affine set]:

A set C is affine if for any x1,2> € C
the line through 1 and z» is in C,
i.e. 0x1+ (1 —0)xr € C, (8 € R)

AFF(c]={ex +. - * 22 é;é_f,

Definition [Affine hull of set C]: (S

Theorem [Affine hull]:

The Aff[C] is the smallest affine set that contains C

19



Affine Sets Example

Example [Solutions of linear equations]:

The solution set of a system of linear equations is an affine set

Solution set:

C-{XxIAx=%) AeR™" &eR™ O
Proof: 0))( _or
IF AX.’*IP& = A ex 179N )= O
A ©
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Boundaries

Dix, ¢)
Definition [x on boundary of C (aC) J: ‘

EOR 6MaLL ENOULH EYo: BIX,eYNC #§
g D(xe)Nc+d

Definition [x in interior of C]:
PHix, ¢) C C For Shall ENOU Gh & ‘

Definition [relative interior (rel int C)]:

gL INT C ﬁx eC ‘ (X, 8) N AFF C S C Fersone 6>o}‘
R S
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Boundaries

Definition [closure of C (cl C) ]:

L C=CyUac O

Definition [relative boundary of C (rel 9C) ]:

C.@C\REL IVl C ’
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Open and Closed Sets

Definition [C closed]:

oCc C C o

Definition [C open]: AC NC = @ '

Definition [C compact]:CL 06 ED AND 1 oUND ED [,N /th ’
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convex sets

Convex Non convex

Definition [Convex set]: v €]
SEI C clIN 19 conUlEX = v x s % € C

Gx t(! -g) X €C
Definition [Strictly convex set]:
Gy, + =€) %q € wr (C) Fxtxg €C ge (o) ®

Example [Convex, but not strictly convex]: /\
24




Examples of Convex Sets

empty set: @

singleton set: {XOB
oA

complete space: [\

U O

o O 0 O

lines: X1 Xz QX.Hl—e)x?_,eGm\/S

line segments: {X\ x-6x +l -€)Xz , € GA[LO,I’_\
a‘use,} o €R", € €

hyperplanes:  §{ x ¢ /A" |
OLTXZ"" (,,B aém ) UN

halfspaces: { X €mR" )
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Examples of Convex Sets

O Euclidian balls:

Jxem”)
d L,balls,p, 1 ,
p{xe nO | Ix-Xellp TB Wﬂ
x| 20 )
[l g, max (X

4 L, balls O<p<1 ! Ti
\

) x-nell, é"“} = T5( X, v}

coNVE)

Lo

NEwEl

r r3)

Norl C’O/VVEY"

26



Examples of Convex Sets

d Polyhedron: the solution set of a finite number of linear
equalities and inequalities

KSD:;LmeJ-X‘;QrJ')-;l,...I;»} ’

ij =o\,")).j=')"'/

Matrix notation:?? Ix | Axet, Cx = 0{3 @

O Polytope: bounded polyhedron

a
1 a2

Intersection of halfspaces

& hyperplanes

Ly

(s
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Convex hull

Definition [Convex hull]:

i Vﬂ’:""k
+ GXIX‘EC,et>O ’
conv[C] zie,x, R .S:fe,; S, k€245
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Convex hull

Convex hull properties:

Conv(c] 1y THE L NALL EST CONVEX GET
THAT CONTAING C

ConV[cl !5 €

C,Q_CONV((:>

v C,C conVE

onVT X

x €75 . IFC cC' D convv[clec!
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Examples of Convex Sets

d Simplex: .
%

; >0 J6€c=

CCNVLV”'-WV”"S '.L ii e‘-v". QL é:io |

V\ -Vo ) V"lb

LA /%7 o
—
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Convex Combination

fext. +CuXg| Xi €C, € >C o)
CONV[C]'{ ' Eei"lQeZA}
=
Infinite many sums
C CoNUT X =D g Q{‘X&‘ QC ‘
e s scmies comeRees
AT

ad

Integrals (Expected value)
D. A" R OENSITY FUNCTION \P)xedxe C @
C conul X 9ET C\:/ﬁ;//o "

J
A9 G enl EXIST

£ [xleC I



cones

Definition [Cone]:

XGC — GXGCE
CwCoNG(f:j}l_ezo -)

Definition [Convex Cone]: coN€ & ¢ oMVEX C\L/

Definition [Conic hull]: c o¥€[c] <4 x| X = €.« f 2 Ca*y f?

)

C
C

®
®
3

®
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Example: PSD matrices

Definition [Positive semi definite matrix]:
AE R uaTrIVG P < {

Theorem [eigenvalues]:

XTAx >0 Yeem™ @

A symmetric matrix A is positive definite iff all its eigenvalues are positive

Partial ordering of square matrices:
For arbitrary square matrices M, N we write M = N

ifM— N = 0; i.e, M— Nis positive semi-definite.
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Example: PSD matrices

Theorem [Cone of PSD matrices]:

The set of symmetric, PSD matrices form a convex cone:

QLA AR | Aol ®

Proof:

N
KD € I e X\Ax+(:~e)v‘9<
T eaxlr BOLILE 2

O
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Convex set representation with convex hull

Theorem: [Representation of a closed convex set with a convex hull]

LET SCIR™ D C= @(Convy) 15 THE O

CONVE X HULL OF 0551 MY m/-F/A/}TE
Many o) NT 1V G
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Dual representation

Theorem: [Representation of a closed convex set with half spaces]
C

LET O ¢ R = m 16 THE INTER SECTION ©
) | Aces W 1N CoNTAWV S

of ALL THE CLOvED HALF ~7F
X[ WLx+4~ €0}
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Convexity-preserving set operations

3 Translation C+ ¢

[ Scaling A C

C ) cowvtd = CNY covvéyr @

vo IWFINITE NUHDER OF 5E7Y
_3 /\ %o( 1S COA/\/A)&
AEX

1 Intersection

CaN ME ExXTENDED)
F S 5 A CoNVEX 9€7 Vo\@/‘
A
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Convexity-preserving set operations

 Affine function
= E.g. projection, dropping coordinates

7 C <R comVEX, AE R™ ¢ ¢R" O
2D AC +&={Ax+ &l x EC) cR™ /5 compX.

1 Set sum
C iy =l a€Q, el t @
/ €2
J Direct sum N Fe
G‘XC/I:{(OU Oz)em / C.fCI/ CZéCZ.S ‘
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Convexity-preserving set operations

 Perspective projection (pinhole camera)

v
E C C/ﬂn’(/RH 15 ACONUEX GET, THEN ‘
P(C) s ALsg conVEA

P(x) = Pl X, Xa, ..., X/ E) ° (X 16 Y st orb) R

\i,——-\,v_/’ ,?(%/{‘) :%
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Convexity-preserving set operations

d Linear-fractional function
(perspective function with affine function)
_ v AERTTT cempd
£ = AX - dem ®
cTx tok b€ R
pon £ f{x | <TX ‘”A>°S

Theorem: [Image of Linear fractional function]

c (R"\' 15 CONVEX O

C cMRvCONVEX =) t(c)
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