


Simplex Algorithm in 1 Slide

Canonical form:
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The full Simplex Algorithm

So far we have assumed that a basic feasible solution in canonical form is

available to start the algorithm...



The Simplex Algorithm Phase 1

Example
LX)+ W Ng 42X t Xy t P 2 7€ —
o1 WXy +EXa H1DX Xy +xg <1 F
X, + Xo. ¥ 9X3-H’q+)(5:?

MIMV
79} <)

Goal: We want to find a feasible solution

Phase I:
(i) Forget the cost function c'x.

(ii) Introduce Xg, X, > 0. [One variable for each row]
(iii) Solve ,4.01\/“ Xet Xz =W
RAYRETN
X4 7 t +3y((+x5+ Ye t0Xz <IZ

_ Y, 4 LXat 1Y .
7! LPx:-p X + 50 )(lf‘ingOJ(C‘} Xy =7



The Simplex Algorithm Phase 1

AN Xt Xg =W

(x2)

Xi20 ¢=1..¢ )
— 4 + QKo t 1)) +5), Xt Yo t0Xz <1

9.1 X+ XL+SXB+ )(u.(q‘)(gfm(c* Xg -7

Theorem: (*2) has feasible optimal solution such that X;=X,=0

iff (*1) has feasible solution

Remarks:

ad (*2) is easy to convert to a feasible canonical solution (We will see)

0 We can find its optimal solution (X;=X,=0) with the Phase II algorithm
This is a feasible solution of (*1)



Tableaux

'/IIIU X +X-_1_ = W
SRR R TR Lol R A
TT T4 Xyt Shyt Xy K 10Kt Ky
RN
1 O 0 0 0 0 1 1 0 _
0 4 2 13 3 1 1 0 17 %’
0 i 15 1 1 0 1 7

It's easy to convert this to a feasible canonical form:

e | Cop® |1 1%a % (X [Xs [ Xe X |RHS
variable (-w)

W 1 5 3 184 -2 0 0 24 (AVowjgy

X, 0 4 2 13 3 1 1 0 17
X, 0 i 15 1 1 0 1 7



Tableaux

Now, we can run the Phase 2 algorithm on this table to get a feasible solution of (*1):

T N N N N S K
(-w)
-w 1 -5 -3 0 0 -24

18 -4 2
X 0 4 2 B 3 1 1 0 17
X, 0 1 1 5 1 1 0 1 7

| 19 THt GHALLEST C,{ 0 =) Pivor IV CoLymnn %

I+ 7 —) Pl 0T N i)
m 5 Xy 1V
X¢ OVT



Tableaux

Now, we can run the Phase 2 algorithm on this table to get a feasible solution of (*1):

N e O
'W)

18 -4 0
x6 0 4 2 B 3 1 1 0 17
X, 0 1 1 5 1 1 0 1 7

Jj

i S N N O 2 L
(-w)

-5+18/13*4  -3+18/13*2 -4+18/13*3  -2+18/13 18/13 0 -24+18/13*7
X3 0 4/13 2/13 1 3/13 1/13 1/13 0 17/13
X5 0 1-5/13*4 1-5/13*2 0 1-5/13*3 1-5/13 -5/13 1 7-5/13*7



Tableaux

i S O N O 2 L
-w)

-5+18/13*4  -3+18/13*2 -4+18/13*3  -2+18/13 18/13 0 -24+18/13*7
X3 0 4/13 2/13 1 3/13 1/13 1/13 0 17/13
X 0 1-5/13*4 1-5/13*2 0 1-5/13*3 1-5/13 -5/13 1 7-5/13%7

Let us simplify this Table a little:

i O N N O 2 L
_w)

-7/13 -3/13 2/13 -8/13 18/13 0 -6/13
X3 0 4/13 2/13 1 3/13 1/13 1/13 0 17/13
X; 0 1-7/13 3/13 0 -2/13 -5/13 1 6/13
»
PIVOT

~F/1m 1STHE SNALLEST AMONG AL C; ;X0 = g v

c/1» ) ' FHI> =~ x, oul
/p)< /17 2 73 9



T N N N N
(-w)

-w 1 0 0 0 0 0 1 1 0

X3 0 3/8 1/8 1 1/4 0 -1/8 0 5/4

Xs 0 -7/8 3/8 0 -1/4 1 -5/8 1/8 3/4

All the relative costs are nonnegative = optimal feasible solution.

Phase I is finished.

- FEASIMLE IASIC S0LUTION
W s let iz of THE ORIGINAL (1) PROBLEN
)(..b: /L' \”/
Xg = 2y

-_— / -
_ PARNSE A CANV 17E STARTED
X\)xa,/xq/xéj X7-0 2
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Tableaux

T N N N N
(-w)

-w 1 0 0 0 0 0 1 1 0

X3 0 3/8 1/8 1 1/4 0 -1/8 0 5/4

Xs 0 -7/8 3/8 0 -1/4 1 -5/8 1/8 3/4

OR| GIMNAL CoST FUNCTION ' 2= X tIX, +:2,x3+)(q,4((,y5%n/u
>

Obj X X X
i S N N O 2 L

X3 0 3/8 1/8 1 1/4 0 -1/8 0 5/4

Xs 0 -7/8 3/8 0 -1/4 1 -5/8 1/8 3/4
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Tableaux

N N N N
Y 4
7 1 2 1 2 1 4 0 0 0

X 0 3/8 1/8 1 1/4 0 18 0  5/4 5 ~2x

X

Xs 0 -7/8 3/8 0 -1/4 1 -5/8 1/8 3/4

Make it to canonical form and continue with Phase II...

Do not make pivots in the column of X, and X,

12



Simplex Algorithm with Matlab

f=[5 -4 -6];

W W
DN L
o N

I;

b =[20 42 30];

lb = zeros(3,1);

options = optimset('LargeScale’,'off','Simplex’,'on’);

[x,fval,exitflag,output,lambda] = linprog(f,A,b,[],[].Ib,[],[],options);

13



Relevant Books

O Luenberger, David G. Linear and Nonlinear Programming. 2nd ed.
Reading, MA: Addison Wesley, 1984. ISBN: 0201157942.

[ Bertsimas, Dimitris, and John Tsitsiklis. Infroduction to Linear
Optimization. Athena Scientific Press, 1997. ISBN: 1886529191.

O Dantzig, Thapa: Linear Programming
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O Linear programs:

= standard form,

= canonical form
O Solutions:

= Basic, Feasible, Optimal, Degenerate
d Simplex algorithm:

= Phase ]

= Phase II
d Applications:

= Pattern classification

15



Convex Optimization

CMU-10725
4. Convexity Part |

Barnabas Pdczos & Ryan Tibshirani

M MACHINE LEARNING DEPARTMENT
—— Carnegie Mellon.




Goal of this lecture

 Review of Convex sets & Convex functions

= Definition
= Examples

= Basic properties

Books to Read:

Boyd and Vandenberghe: Convex Optimization, Chapters 2 & 3

Rockafellar: Convex Analysis

17



Line and Line Segments

Definition [Line]:

{x € R"x =0x1+ (1 —0)xr,0 € R})/g

X\

: + ©6€C [e.1) ;
Definition [Line segment]: LINC

{z € R"|z = 0z1 + (1 — 0)zo,0 € [0,1]}

/X’“

X\

18



Affine Sets

Definition [Affine set]:

A set C is affine if for any x1,2> € C
the line through 1 and z» is in C,
i.e. 0x1+ (1 —0)xr € C, (8 € R)

Definition [Affine hull of set C]:

] Yy
AT & B R R SRS éc’gf(.e‘:'; ®

Theorem [Affine hull]:
The Aff[C] is the smallest affine set that contains C

19



Affine Sets Example

Example [Solutions of linear equations]:

The solution set of a system of linear equations is an affine set

Solution set:

C-4{xIAx=%) AeR™ ¢ec¢R™ ®
Proof:
| F Ax\fﬂ-_g,@ Al ex +("€)sz"(’ O
AX;L‘C"

G €M™

20



Boundaries

Dix, ¢)
Definition [x on boundary of C (aC) ]: ‘

EOR 6MaLL ENOVLH EYo: BIX,YNC #§
g DX e)Nc+d

Definition [x in interior of C]J.
MH(x,¢) C C For Shall ENOUGH & ‘

Definition [ re/ative interior (rel int C)]:

EL II\/TC rﬁ..x GC ‘ I’b(X, E)HAFFC cC FCR 50N ¢ 5>0;’
R =

21



Boundaries

Definition [closure of C (cl C) ]:

cLC=cuac o

Definition [ re/ative boundary of C (rel aC) ]:

CQC\RE(’ //VTC ’

22



Open and Closed Sets

Definition [C closed]:

CcC CcC

Definition [C open]:

aCNC =@
Definition [C compact]:CL 05 €D AND noUnND ED )://v /R h] ’

23



Convex sets

Convex Non convex

Definition [Convex set]: croh
SEI C cIN 15 conlEX (=) v X, , Xy e C Y€ (1)

G)ﬁ*l"e))(l €C
Definition [Strictly convex set]:
6’(“" U"G) Xl c 'NT(C) VX‘ +’X2 € C €€ (Co') ‘

Example [Convex, but not strictly convex]: /\
24




U O O

(R A N N

Examples of Convex Sets

empty set: @

singleton set: ‘ﬁ. X 05
oA

complete space: I\

lines: X1 Xz QX,HPG)XLIGGIT\/S

line segments: [ x| x = 6X, tl1-e)X, , € @nﬁ%ﬂ
oA 05 a €RY, - €R

hyperplanes:  § x ¢ /A" |
N O €%
oCTXé(fB o €M’

halfspaces:  { X € R" )

25



Examples of Convex Sets

O Euclidian balls:

~ P Xo, T
Jxem”) ) X=Xl ey = B : ®

conVVEX
Q L, balls, p> 1

fxe M| hx-xle 28 Wﬂ/%

o) NI
/

“x\\oco yzAxr\Hc" P r3)
C=l.

Q L, balls 0<p<1 ‘ T; N C’o/vak’ ’
l

26




Examples of Convex Sets

d Polyhedron: the solution set of a finite humber of linear
equalities and inequalities

Q=4 x| XYy, 0=hy™ o
ij .___ok"))j:’)«'/f E

Matrix notation:?? ‘{X | Axc ¥, Cx = 0'(’} O

O Polytope: bounded polyhedron

a
1 s

Intersection of halfspaces

& hyperplanes

(15

s

27



Convex hull

Definition [Convex hull]:

i V{,""“k
¥ SuXy | Yo €C, €< 2C O
CONV[C] 1{’6‘)(' Sl ’Efei =\, QéZ+}

28



Convex hull

Convex hull properties:

Conv{c] 1y THE L NALL EST CONVEX GET
THAT CONTAING C

Conv[cl % €

C € CGNV(C>

Y C,C conVE

onNnVT X

x 6€T79 1FC cC' = covv[c]ec!

29



Examples of Convex Sets

d Simplex:

20 >0

/ W x \/A\; -

30



Convex Combination

\ S0 ezl &
conv[C] ‘{e'x'*"& ot gief gC‘,, e(:é Z+5
“

Infinite many sums )

C CoNUL X =D E 0,x. eC ‘
g:,’)é:i,% %Nc THI5 cERIES CoNVERGES
%ec¢ =
=

L'—

Integrals (Expected value)
P. "R ©QEN5ITY punCTION S\OMXJX€ C @
C C
C convEX SET W Y
N7 JTEGRAL EXI9]

£ fxlec



Cones

Definition [Cone]:

x €C — GXGCE
ClsCor\/G(’:D;l_ezo 2

Definition [Convex Cone]: co/ € § cowViEX //

Definition [Conic hull]: c ov€[c] =9 X| X = €, A %7 Ca Xy, f{z,co

®
®
|

®
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Example: PSD matrices

Definition [Positive semi definite matrix]:
AE M7 MaTRNS P30 {

Theorem [eigenvalues]:

XA S0 Yeen™ @

A symmetric matrix A is positive definite iff all its eigenvalues are positive

Partial ordering of square matrices:
For arbitrary square matrices M, Nwe write M> N
if M— N2> 0; i.e, M— Nis positive semi-definite.

33



Example: PSD matrices

Theorem [Cone of PSD matrices]:

The set of symmetric, PSD matrices form a convex cone:

Q-4 AR | Axo} ®

Proof: (1-0)
- e XTAy U~
+ o)X= XTI @
ameS) > AT AT )2 VR
C
\/\/y\—\/
0

34



Convex set representation with convex hull

Theorem: [Representation of a closed convex set with a convex hull]

LET SCIR™ D C = L Convy) 15 THE O

CONVExXx HULL OF Y0561 mLY wF|)NITE
Mmany 2ol NT 1V G

35



Dual representation

Theorem: [Representation of a closed convex set with half spaces]
C

LET S ¢ R D m 16 THE INTER SECTION O
0f ALL THE CLOYED HALF _oppcts Wi ICH CoNTAIV §
X[ WLx+4~ €05

36



Convexity-preserving set operations

3 Translation C+ ¢

[ Scaling L C

O Intersection &P " = CNY cover @

vo WFINITE WUHPER OF 575

Canv mE eXTEVDED NG, s coung
X

IE Sak 5 A CoNVEX 9€7 Vo €A

37



Convexity-preserving set operations

d Affine function
= E.g. projection, dropping coordinates

(Z C cR” conVEX, A € /Rmxrié ¢R"” ‘
= AC +4 = '{:Ax—} & X GCB QIR"\ /6 CoMVEX.

d Set sum
C. +C _.{C,*C:Ll c. € C;/ C:LéCQ} '
) P
d Direct sum N re
C|XC/2={(CU 01)617)\ / C.fCI/ CZéCZ’B '

38
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Conevex Hull

Definition 1
3
CON\/\;C] = {o *

Note:
= If Cis a finite set, then this is closed polyhedron.

Sd\cr&"\’ CC%.;\, S* CO/VVE){}

= If C contains infinite many points, then this can be open, closed,
or none of them

Theorem [Definition 2, Primal representation]

‘ ->0C ezl &
= ] *‘*GQX&’X'L GC, Cec 2
CONV[C]’{GX' Eeiel,QeZJr}

=

A closed convex set is the intersection of all the

closed half spaces containing S 40



Convex set representation with convex hull

Theorem: [Representation of a closed convex set with a convex hull]

LeT 5C A" D C = @Q(’cowb) g THE
CONVEXx HULL OF 0551 MY m/-F}A/)TE
Many oI NT 1V G

2)... &
- e, >0 =l
_Je,x¥.+CuXe| Sa eC, U
CONV[C]'{ A Yoo, eeZ4h
=

Convex hull = convex combination of possibly infinite many points in the set.



Dual representation

Theorem: [Representation of a closed convex set with half spaces]
C

LET S ¢ I’P\n =) m 16 THE IVTER SECTION
0f ALL THE CLOYED HALF _oppcts Wi ICH CoNTAIV §
X[ OLx+4 €05

A closed convex set is the intersection of all the closed half spaces containing S



Convexity-preserving set operations

 Perspective projection (pinhole camera)

N
E C Cﬂlnxﬂ)\H 15 ACONUEX GET, THEN ’

P(C) !5 Alse conVEX
) X f) _ (x, IE, X/, Xa /) ER"

43



Convexity-preserving set operations

 Linear-fractional function
(perspective function with affine function)
£ = Axtl  AERTTT cepd
ok ep™ d € R ‘
DoV ’G :‘ﬁ_x ' C’rx +M>OE

Theorem: [Image of Linear fractional function]

) c m 15 COMVEX @

Cc A CONVEX =) f(c

44



Convexity-preserving set operations

Application: [Conditional probabilities]
B o
C’{X‘(ﬁi)pu,/ .y Pm'\) G[O,D

U 61!,1,.., ""} 0I5CRETE

VE{i ) S Ai; < 2RO Ui V)

_ P _eron(U=<l Ve
4 ’r—"f‘P )
5 Py
% =?

D=4 b))

3
v os conver D D et
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Convexity-preserving set operations

[ Union doesn’t preserve convexity

46



Separating hyperplane thm

Theorem: [Separating hyperplane theorem]

C,0 convtx %ng‘%ﬂ afM 5 WyeC ofX < &
C/\O‘=¢ e \dﬁoeo ol = O ‘

(

47



Separating hyperplane thm

Definition: [Strong separation] (f [C. +1(0, 8l> 0

oL Cot o)\ <& ®

Definition: [Proper separation],
T NOT THE CALE Tyar meTH O
Ci S{X:o0x=0}

C)_J C_—.s\x Q")(: b’b
Definition: [Strict separation]

x> & x€( ®
Oj)(< 0 XéCL

It "strictly separates" them if neither one touches

the hyperplane. 48



Separating hyperplane thm

Theorem: [Strong separation theorem] ‘

C, Cp Mo N EMpTy CONVEX GET /N /P\n A H1PTR PLANE

Lc N C = @ 2 &iWAT/A‘T’/VG C ANVD(,
CITAEILC, CR Co u,n;ovaED STRONGLY
Yo o
| 0SED
Counterexample: - X/ CL Xos b
Why do we need at least X)
one bounded set? / /
O
X
7707070
¥, <o OVEN

¥p20  ¢ePARATING H47ER oL ANE

49



Separating hyperplane thm II

Theorem: [Strong separation theorem II]
Ci, Oy AZ¢ NONBMPTY comvex 9FT5 ®

2
C, ", C, €M™
3 PWMPERPLANT CEPRRATING C AND Cp GTRONGLY O

= IWF oty ©

%, G\
x,€CL

o
nisT (S Q’) 7

50



Supporting hyperplane thm

Theorem: [Supporting hyperplane theorem]

For any point x, on the boundary of convex C
3 wypereLavt 4 X| o0x =&

Q§0

7. Ux EC dx <ol Xo
a’f)(o:@-

Theorem: [Partial converse of the supporting hyperplane theorem]
T %O po g7/ 6 HIPER PLANE | = ¢! !
v Xo € M C’)i S:PC

51



Proving a set convex

d Use definition directly
 Represent as convex hull
d Represent as the intersection of halfspaces

d Supporting hyperplane partial converse:

= ( closed, nonempty interior, has supporting
hyperplane at all boundary points = C convex

A Build C up from simpler sets using convexity-preserving
operations

52



Convex functions

53



Convex functions

Definition [convex function]:

215 coMUEX /F‘
o A convUEX 9T/ O
& o+(x) +(1- 6)¥/1)

A LuNcTIoN £ R=>
_oon f
~f(ex+1-€) 4

Definition [strictly convex function]:

.F(e/(+("@)‘0

%, gTRICTLY
géjg(/ fon exarLl X o

)< oL(x) +(Fe€) fin) O
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Concave functions

Definition [concave function]:

-f is convex

55



Convex functions

Geometric interpretation

plex+0-94q) ¢ €400 (1- €) t14)

A

CF(x) +i- e)wq‘ﬁ)

56



Strongly convexity

Definition:[m-strongly convex function (m>0)

(Vi) = ViNT (@ —y) > m|z —y|3

An equivalent condition:

FW) > f(@)+ V@) (y—2) + 2y — 2|3

Without gradient: V¢ ¢ [0, 1]
fltr+ (1 —t)y) < tf(@) + (1 — ) f(y) — Emt(1 — )]z — y|3
With Hessian:

V2f(z) = mI for all z in the domain

A strongly convex function is also strictly convex, but not vice-versa.
57



f(z) = z*; convex, strictly convex, not strongly convex.

f(x) = |x|: convex, not strictly convex.

58



Examples: Convex functions

Convex [X\P o> CN AN
™
» £ cMA’((X‘)“’/X‘\\ o R
. ANVY N 0eM
~ ‘/Y\
: cAVE
Concave ¢ MEAN ‘C(\(\‘(g\ )(4') c:,g m",,

- GEOH&TQ’

.L0G UET(X) 15 coNCAVE ov 54
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Extended reals

We can extend f from dom f to R" without changing its convexity

LeT T R o RUYS ®
£(x) xeooh{

f(s(\ :{ & X& pom £

Theorem:

~~

£ 14 CONVEX (=) €19 CoVVER ¥ 1 O
= flex U ‘G)’U)QQ{M*H-@ »

60



Epigraph

Definition [epigraph]: BW’(\‘)"I\.( Xrg . X€oen £ lt?ﬂx)} ‘

-

-3 _2 -1 0 1 2 3
Theorem [convexity of the epigraph]:

,(.‘ ,p\“_)[p\ 14 CONUVEX (=D EP)(\C\ 15 ConVE) ‘

61



Convex Function Properties

0Oth order characterization

£ coNVEX <::;> OB(Q -’—‘Q\K {JC\/) 15 coNVEX ‘
{“"“\h")m\ onv Oon 9 ,,\;C\ Xty € OOM‘QS

bx € 0oy R

This is useful, because we only need to check the convexity of 1D functions.

(Ligt
a
ST
=31
v
-]
=54
=45
-
=50

-

Graph courtesy of Prof. Robert Freund
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Convex Function Properties

1st order characterization N .
LeT £ nE A D)F FERENTIAMLE ¥UN cT)o

, c oNVEX T
- 00M § 0’5”6 = flag) 20 +7£(x) W’X) ¥

fl@) + Vi) (y— )

The 15t oder Taylor approximation is a global underestimator of f.

Corollary: ‘FWNV“B = ‘F(‘O) >”((X) \7/'0 ’
v£(x) =0 ) 21t GLODAL 0T /MU
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Convex Function Properties

2nd order characterization ‘
-LeT § ME T CC DIFFERENTIAMLE

QDO”‘G O\OE"/
2
fi1s5s CoVUEX =V )

>;O V)(QDOH{‘

.,/'_) ,( 15 STRICTLY convEx ’

(F oo exatct X

Lemma FoEW 0 Wx cpoM £
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Jensen’s inequality

Theorem
5%'.n\'\4&‘°"/ &1 '

£ 15 covvEX <= ‘GD\\X\*.— D\mym\ é?\.«C(\(.)«}.,ﬁ')\m—((Ym)
V 2320 - Am>0 ,??\cﬁ' 0

47

GHx) +i-¢)f1)

- v
plex+0-94q) ¢ €409 (-6 fly) @
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Proving a function convex

[ Use definition directly

[ Prove that epigraph is convex via set methods
3 Oth, 1st, 2nd order convexity properties

[ Construct f from simpler convex fns using
convexity-preserving ops

66



Convexity-preserving fn ops

Nonnegative weighted sum

If f1, f2 cvx, w; 2 0 = h(z) = wif1(z) + wafa(x) cvX

Pointwise max/sup

If f, g cvx, = m(xz) = max{f(x),g(x)} cvx

Extension of pointwise max/sup

If f(x,y) is convex in x for each y
= g(x) = supyec f(z,y) is convex in =,
provided g(x) > —oo for some .

67



Convexity-preserving fn ops

Affine map
If f:R" —Ris cvx, = g(x) = f(Ax 4+ b) is cvx,
where A € R"*™M_ p c R"™,

Composition

If f, g are cvx, and g is non-decreasing,
= h(z) = g(f(x)) is cvx.

If f Is concave and g is cvx and non-increasing,
= h(x) = g(f(x)) is cvx.

Perspective map

If f(x) is convex, = g(x,t) = tf(x/t) is convex.
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1 Convex sets

e Representation:
e convex hull, intersect hyperplanes

e supporting, separating hyperplanes
e operations that preserve convexity

d Convex functions
e epigraph
e 0 orders, 1st order, 2nd order conditions
e operations that preserve convexity
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