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Penalty Methods



Penalty Methods

min f (), (P)

where f : R"™ — R is continuous, and § is a constraint set in R"

Penalty program: replace (P) with the unconstrained problem:

min f(z) + cp(z)
where ¢ > 0
Penalty p : R" — R:

(i) p is continuous,

(ii) p(x) > 0 for all z € R™,
(iii) p(z) =0 ifand only if z € S

Penalty term: high cost for violation of the constraints



Inequality Constraints
minf(z) S={z:g:(z) <0,i=12,....p}

A useful penalty function in this case is:

P(x) = % zp: (max[0, g;(2)])? [No penaltiy, iff g(x) < O]
=1

Example: g1(z) =x—0b, go(x) =z —a

a<zxz, xz<b



Penalty Methods

Penalty program: min f(xz) + cp(x) (P(c))
2P x)

For large ¢ the minimum point of problem (P(c)) is in a region
where penalty p is small.

We will prove: as ¢ — oo the solution point of the penalty
problem will converge to a solution of the constrained problem

(P) ) David G. Luenberger, Yinyu Ye: Linear and Nonlinear Programming 7



Inequality and Equality Constraints

Inequality and Equality constraints:

M ’F ()0 ‘
X gx) L0 LT
cT TO " - — %
Hunl e L (x) =0 g <1
Rewrite them as:
fu; () €0 O



Penalty Method

Penalty parameter:
LT 040K 0L - LGy L Cay & BV O

Penalty program:
(<, X) = f(x) + CPLX)
) = arcmn F(r)+ Cy P(X) ‘

N Y (Ce, X
X%\:A\RC—;(HR" OY / ’men

Penalty Lemma:

@ A(Ce,Xu) £ A(Cun ko) -
@ X)) > P(/Wu))

© £(xe) & F(Ae)

Q  ©0) 70 n) 7 Y



Proof of Penalty Lemma (1)

@ Prove Wk, Xun) £ A(Cun, Xen) O
/PJO\OOF:
N Ctr, Xer) = FX) + Con PXua) 2 £ (K )4 (, Pliey)
A
Cun s Cy

> €(Xe) +C 4 PXa) = A(Cu, Xs)
~
Xe 15 opTInaL WITH Ce

5
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Proof of Penalty Lemma (2)

@ PRoVC  P(Xg)> P(Xen) o

PROOF
£x) ¥ CPU) £ xn) + e PWen)
R Xg 15 OPTIMAL wiTh Cy

£ ko) ¥ Con PlXen) Q‘H Xe) + Cnp Pt (%)
TXan 15 oPTIAL WITH Cay

\ *1) =
(*)cﬂ ;)( xz) ¥ G Plun) & G P(X4u) * Cos) PlAe)
&' +

(ceu. -Cs) P (Xan) ¢ \cw ~Cy) P(Xe)

3 P(x%\) ¢ P('Xb) mj
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Proof of Penalty Lemma (3)

PRovE 'FU(QS‘G(X&H) ‘
PROCF

* (X |\ + Cqo \O(Xaﬂ) > “G(X%) + C":Lp()(%)
\ o 0PTIMAL WITH Cy

Xy
V {3()(07.) + Co, UO(X%H)

~

P (xe)> PXan)

= F(X@H) >, {(x&) ﬁj}
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Proof of Penalty Lemma (4)

LeT x* = ARGMY X O

X € S ALQGNDY pQOVEb v LFMMA (/
PROVE THAT )

v
£V Vo xun) 3 0\ Coy X ) 3 (1) g
WHERE Oy (¢, %) <€ (x) +CPX)
Xgn = AQ@;)N £(X)+Ce P

PraoceF M(Co) Xy )
—_ S\
N = £Ix¥) +Cy PUX?Y) 3 FXa) 40y Plag) S
£(x*) = f 9.,& )E k ) \5@-‘0\2,‘») > £l
GONCE X" ¢ C
Z XL 16 0P T maL
WiThH Cg

87
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Convergence of Penalty Method

Theorem: [Penalty convergence]
« quppoye £,9, P Arf ConNTINOU S FUN CT [ONS

- AR G M)I‘/ ‘F(X) '\'CQL P(X)(\ p{NAuT\'I FVNC—HOI\/
- Xu Xxem"

V)
00l .. LS el -2

= SRARY CLIM) T POINT OF {Xz,lw
e X |9 AN ARD) ..

=) X SOLUES \@)

K@){MLN £1x)

1. F(NLO
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Proof of Penalty Convergence

LMIT PoINT: LIN Xg <X D(%ayj ®
Le
GINCE € 15 CaJTINUOU‘7 LM -{’(ng/) :‘F(Y)
LeX

e . *, TION OF[P
s M q(Caxe) £ £y =£7 X sY )

L L e Y—m—"rv— K

NPT

¥) < X ) ¢€(x*

« Ln£Ue) un gy U L) D FIX) ¢
£(%) X L Pl4e) <0
LM Ce p( a") gDQLGX, )

Sl N K X)<0

> CP5 eIy e, & .
DxeY UfMNbLE] [.({)T)géf(x*) S {(x)fw‘[,v) 5
- X
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Penalty functions

Often used penalty functions

Polynomial penalty: () :1:; E")AX{O, %4 (X)'S] l DA ’

Linear penalty: o=} : P1¥) 5 %: MAx 99« (x)}

Quadratic penalty: 922 0 (1), ?,: D’)AX«{O) ! LX)B]Z ‘
i

gt () = 1AL 3}; :)2)1-7

24’()() e E%f(X)) )

T (% e - N
op) < gAY oR P g [ 47
1 ERg Mo
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Inequality and Equality constraints

Problem (P)
o. v~ £00
X

% () -V
f(x) <0
x ¢

Definition [Penalty function] ‘
PX)=C IF J(x)¢0 AnD ix)<0

POSY  IF 9(x) Y0 oR ALY ¥0

5.1

Example [Penalty function]
~ b % [, v
o) = £ Bax{ 0 gl * ZIT v
1°)
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Derivative of the penalty function

Penalty program: )(QQ: ARG MIN {(r)+ Cq, P(x)
X€R"
Penalty function: o()(x = DAx49, 9« ) .
gtz L9 (), ‘?)wb‘)]
P(’Q T(ao-r(x)) W HERE ¥ LN -—)’R&\
cor exampre  P(%) <40

i ! FCTIVE @
Assumptions: o)t
P +< C. CONSTRAINTY
OJ ) ) -7yt ) ec' PEvaLTT fuwcron
Derivatives: @W‘ 20 gt T prrereprst! o

’&)(
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Derivative of the penalty function

Difficulties: max is not differentiable O”

v ammlo g | 22 i 070
0 I+ 9" )<0

v TIMNUCYD
This is not perfectly correct, because V% 15 wel COo

WHERE 90 =0 ‘
O

Solution: 7 15 ST7
(F /94/’ O =) 2’3( ) =° er F(X)m FFER E/VT/)“@CE
97 () R 991
oy 2P _ H > o (92 (")] =

Example: P(x) =5 [‘3,, (>‘ P ""\”‘\‘/
e ] \‘49;(@
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KKT in Penalty methods

Penalty program: )(‘1: arcrinv £(x)+ Cy, Px) ‘
XER"

Penalty function: f(X) = T | "a*()())

(40 + + T (ot
perivatives: 0 P(x) = 5 3T (% () 7o) -2 714")

! ) V9.9
1z a“a‘i vt a‘a‘: Vs
NO NTED rol Vot )
1st order condition in local minimum: ‘

0. THIX) 10w T PUL)

-v\c(x&)-tc&f w 7 (X2)

Al D )9,4/
w
gAA:&/OQ

. 0 71PLIERS 1M/
: : rANGE HUL
_ V‘F(x%.) —+ ML V ‘)4 (XL) 5{3}(6 LAO KKf’
™~ BEHAVES
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KKT and Penalty method multipliers

Problem (P)

.y £ 57 O(X) 50
X

Penalty program: Xy = ARCMY f(r)+ Co, P1X) O
XER"
4
UE = Co 9T (9 (X%‘)
Dy,

T£(xe) + (Y VYK

~ *
- X L ovl souTion x* OF ()
KKT multipliers: U~ v A LOCH© ’

A % *
Theorem: Under some mild conditions 1# Xg 2X = U” =>u ’
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