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Penalty Methods

min f (), (P)

where f : R"™ — R is continuous, and § is a constraint set in R"

Penalty program: replace (P) with the unconstrained problem:

min f(z) + cp(z)

where ¢ > 0

Penalty p : R" — R:
(i) p is continuous,
(ii) p(x) > 0 for all z € R™,
(iii) p(z) =0 ifand only if z € S

Penalty term: high cost for violation of the constraints



Inequality Constraints
minf(z) S={z:g:(z) <0,i=12,....p}
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A useful penalty function in this case is:

P(x) = % Zp: (max[0, g;(2)])? [No penal}y, iff g(z) < 0]
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Example: g1(z) =z —0b, go(x) =a—zz a<xz, <b
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Penalty Methods

Penalty program: min f(z) +cp(z) (£(c))
2P x)
G :{)( \ OKL.X"-QY}'?:]
c=10

For large ¢ the minimum point of problem (P(c)) is in a region
where penalty p is small.

We will prove: as ¢ — oo the solution point of the penalty
problem will converge to a solution of the constrained problem

(P) ) David G. Luenberger, Yinyu Ye: Linear and Nonlinear Programming 7



Inequality and Equality Constraints

Inequality and Equality constraints:

M\Kl\/ﬂc(%\ ®
0\”'(’(\30 J:I~%\
Rewrite them as:
-0\,) (¥’ & 0



Penalty Method

Penalty parameter:

LET 0 C‘Lclé.u<(«0‘<cod.)[9”” ‘

Penalty program:

ol C) %)= £ + ¢ P
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Penalty Lemma:

@) «F(Xu) < -F(Xom)
@  A) S (e, ym) > 00
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Proof of Penalty Lemma (1)
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Proof of Penalty Lemma (2)

L P(Xa,,) > f( X&-ﬂ) @

v f(¥g) t Co Plia) & {(Xg0 1) + c%ﬂcx.q,,)
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Proof of Penalty Lemma (3)
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Proof of Penalty Lemma (4)
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Convergence of Penalty Method

Theorem: [Penalty convergence]
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Proof of Penalty Convergence
K= LIM Xg O
ge

L//'l £ (Xo) = 1(x) (eMA Y
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Penalty functions

Often used penalty functions

~ °1 o
Polynomial penalty: £(3) :15 WAX‘{«O’ J4 (X)’S]

Linear penalty: o<} . PlX) s gmA)\{oﬂi(")}

4=

Quadratic penalty: (=2 '@ ¢ ()~ 5 [ nax 19 3+ (X)E‘]) o
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Inequality and Equality constraints

Problem (P)
o. v~ £00
X

% () -V
f(x) <0
x ¢

Definition [Penalty function] ‘
PX)=C IF J(x)¢0 AnD ix)<0

POSY  IF 9(x) Y0 oR ALY ¥0

5.1

Example [Penalty function]
~ b % [, v
o) = £ Bax{ 0 gl * ZIT v
1°)
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Derivative of the penalty function
Penalty program: X < ARG MN {(’() 1Cq ]OOC) @

Penalty function: % 4:} _ MAX S (:yJ 8 (363} ‘
+(x) /[?’cw) @;V(J()j
PL) = T1g'0) T () <4

Assumptions: € e C ‘
C)
7 €
-7 (4 c)) ec
/
Derivatives: GP () ,7 v 15 MOl DIFFERENT IABLE. @
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Derivative of the penalty function

Difficulties: max is not differentiable ™
aP) _ £ 3 F(g't0)){ 9 g
o x = a"()z GE

37 ‘
pro-Tlar0) D) [FE F 9:430
Tl @R 9 x o 1k W0

OT coNMNTIMV UV oV
This is not perfectly correct, because V‘})“r A 7 .

T ()
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KKT in Penalty methods

Penalty program: Xg = Aﬂé}?)]\/ ‘F(X) tCa PO(X) ‘
Penalty function: P(X) 37(%"'()() ao.é‘(x\ ’
Derivatives: VP(X) - g L (ﬂt)@» . 9704
xad ~% ®¥
1st order condition in local minimum: © o i ) ‘
o = V«Q(Xo,,) + w&)+ DX
2R 1Y) 7o)
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KKT and Penalty method multipliers

Problem (P)

.y £ 57 O(X) 50
X

Penalty program: Xy = ARCMY f(r)+ Co, P1X) O
XER"
4
UE = Co 9T (9 (X%‘)
Dy,

T£(xe) + (Y VYK

~ *
- X L ovl souTion x* OF ()
KKT multipliers: U~ v A LOCH© ’

A % *
Theorem: Under some mild conditions 1# Xg 2X = U” =>u ’
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