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Barrier Methods (Interior methods)



Barrier Methods

min f (), (P)

where f : R"™ — R is continuous, and § is a constraint set in R"

Barrier program: replace (P) with the unconstrained problem (B(c)):

min f(z) + %B(az)

where ¢ > 0

Barrier function B : R" — R:
(i) B is continuous,
(ii) B(x) > 0 for all x € int(S)
(iii) B(x) — o0 as ¢ — 0S

Barrier term: we don't let the algorithm leave S [Interior method]



Inequality Constraints

Example: gi1(z) =2 -0, go(x) = a—=x
A useful barrier function in this case is:

Bz)=—3 —

i=1 gi(x)

l.B(x)
Barrier program (B(c)): *

-

min f(z) + %B(w)




Logarithmic Barrier function

Problem: (P)
min f(z) S={z:gi(2) <0,i=1,2,...,m}
I g

Definition: Logarithmic barrier function
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B(c) is still a constrained problem and looks more complicated than (P)

Advantage: B(c) can be solved with unconstrained optimization tools .



Barrier Method

Penalty parameter:

0 C1< C2X (ol Cay P °

Barrier program:
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Proof of Barrier Lemma (1)

PRAOVE | ’T/( Cgo_) )(91') p/ ’T’(C%H/ XQL-H) ‘
PROOF 1 fb(Xa > flxg) + = 1! 1)
v (Cu, Xa,) £(Xg) + ¢ )c ’r(cw ) “eh
%

A X = T C/Qt.‘l') XQ+]
7/~F(X!un) * Cus ot e“") ( ’ )
AN

X%t 1Y CPT INAL WITH Clu.’



Proof of Barrier Lemma (2)
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Proof of Barrier Lemma (3)
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Proof of Barrier Lemma (4)

PRV ‘

£ £ £ (ew)) £ (X)) £0( Coy ke )
AV

LENVTA (”))

PROCL | =l
{(x*.) %r‘F()(Q) < ‘G(Xo,,) + 601,,3( Xe,)] = @, X;,,)

15 c@TINAL IND \g’ ﬁ
Xg €9

10



Primal Logarithmic Barrier Method

for LP




Primal Log Barrier Method for LP

Primal problem
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Primal Log Barrier Method for LP

Feasible solution of the log barrier problem ’
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Primal Log Barrier Method for LP

New quadratic problem: ’
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Primal Log Barrier Method for LP

Lagrange problem:

T
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Interior-point algorithm
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Primal - Dual Logarithmic Barrier

Method for LP




Symmetric Primal and Dual Forms

Symmetric form I [wikipedia]
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Symmetric form II [Luenberger & Ye] _ ‘
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Asymmetric Primal and Dual Forms

Asymmetric form I [Jensen & Jonathan ] ‘
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Asymmetric form II [Luenberger & Ye, R. Freund ]
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In what follows, we will use this form
Duality gap: T _Qr 10 X S0
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KKT conditions

Log barrier problem [We already know this]
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Stationarity Condition Rewritten

The stationarity condition can be rewritten
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KKT Conditions

KKT Conditions ‘
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Approximation of the KKT conditions

}/l This is not linear in x and s!

G-approximation of the stationarity condition:
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Duality Gap of beta approximation

Lemma: [duality gap after 5-approximation] ‘
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Duality Gap of beta approximation

Proof:
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Primal-Dual Newton Step

Current iterate: ‘
X, % ,% fo O, X 2>°
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Primal-Dual Newton System

Primal-Dual Newton System
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The Primal Dual Algorithm

517ep O IN/TI ALIZA‘I'IO/\/

(X®, %, 5) FER9! mLE GOLUTION
- - — % q‘
oo | (%, 8,8)= 0% 45 89
02 VEWTeN GTtP
’ ‘ x =0 _%&AX A5, DY)
=0
ATA’() +A\S ) ’0/
c0-Axt Dg B57 IRZEA
P D XM X +AX
w) , K )
Jn l e
Wil - 2 «DY o ) 2T
£ 5° 29 oR V’LH - X 5
3TL’Pq’ 91501,‘” /‘/]‘-'{"):Olﬂoz« /O hJ
i A



Quadratic Convergence

Theorem [Local quadratic convergence of Primal-Dual Newton’s method]: ‘
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d Penalty functions

d Barrier functions
A Primal log barrier method for LP

A Primal-Dual log barrier method for LP
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