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Cone of PSD Matrices

Definition [Symmetric matrices, PSD matrices]:
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Basic Properties of PSD matrices
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Inner product of PSD matrices
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Semidefinite Programming

Definition: [Inner product between symmetric matrices] ‘
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SDP Duality
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SDP Duality
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SDP is convex problem

Lemma [SDP is convex problem] O
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Sketching SDP

F(z) 20

Same idea as LP.

The set of feasible points is convex, but not a polytope anymore. s



LP as a special SDP

Theorem: [LP as a special SDP] ‘
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SDP that is not LP

SDP example that is not LP: ‘
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SDP weak duality

S5pP DD .
MWC S \\ e 7y TR O
S. o X =L vz).. P N
T )(} 0 5. 7. C;;%)a,t A, %0
¥_/€/

Theorem: [Weak duality (gap is nonnegative)] .
- >0
Cx 15 PERGIDLE oF GDF g B CoX-5 Rt
9

. (»519) 1, FEASIN(EQF 50 \\/:/'J

Ge X

Proof: C* X~ Z Uide < Cox- a&A&ox)w‘g«,
4A41 aﬁ-XBO v
A(CENi A X TR

V( 0 A},O %Aoﬁzo

15



If the SDP duality gap is zero...
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LP vs SDP

Theorem: [LP vs SDP]
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SDP Duality

Theorem: [Strong duality] ‘
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A weird example
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A weird example
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SDP Applications



SDP in Combinatorial Optimization

Definition: [MAXCUT problem]
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MAXCUT problem rewritten
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Relaxation of Maxcut with SDP
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Max Cut hardness

Theorem: [Negative result]
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Theorem: [Positive result, Goemans & Williamson]
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(Convex) Quadratically Constrained Quadratic Programming ‘
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(Convex) QCQP as SDP ‘
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Nonconvex QCQP

Nonconvex QCQP is NP hard ‘

Theorem:

Any integer program is a (nonconvex) QCQP
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SDP for Eigenvalue Optimization

Min Max eigenvalue: ‘
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Log Chebyschev Approximation

Chebyschev approximation
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Solving SDP



SDP Algorithms

e No simplex algorithm
(the domain is not polytope anymore)
e Ellipsoid method
e Barrier methods
e and many more...
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Barrier methods for SDP
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Barrier SDP
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Repeat the steps we did with primal dual LP!
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Lagrange function

peT
L (X, %) = C=X -pLoc ad
KKT stationarity condition: ’9 L(X%) -:
29 X
Derivatives: i T -
5 cox.c, ko 2T (X)X
- /
pa—y X
Y ’a lai ( b/t ’Ab .)<) - A
X — -
:iiz'icu 2. ‘9X }2

D X4y
-] E ? A .
KKT stationarity condition: C-/ A et

35



KKT conditions
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Tricks similarly to the LP case:
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Solving SDP
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Algorithm:

1. Thisis a nonlinear system:
Use (one step of) Newton method to find an approximate solution

2. Updatel, X, vy, S

3. Decrease 1, and go back to 1.
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