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Independent Component Analysis



Independent Component Analysis
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Independent Component Analysys

Model 21 (1)

o (1)
We observe

r1(1)\ [(21(2) (501(15))
xo(1) ) \z2(2) )7 " " \z2(t)
We want

s1(1)) [s1(2) (81(?5))
(82(1)) ’ (32(2)) T s2()

But we don't know {a;;}, nor {s;(t)} o

a1151(t) + a1os2(t)
an151(t) + anosa(t)

Goal:  Estimate {s;(t)}, (and also {a;;})



The Cocktail Party Problem

SOLVING WITH PCA

Sources Mixing Observation PCA Estimation
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x(t) = As(t) y(t)=Wx(t)
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The Cocktail Party Problem

SOLVING WITH ICA

Sources Mixing Observation ICA Estimation
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x(t) = As(t) y(t)=Wx(t)
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ICA Theory



Statistical (in)dependence
Definition (Independence) O

Y1, Yo are independent < p(y1,y2) = p(y1) p(y2)

Definition (Shannon entropy)
H(Y)=H(Y1,...,Ym) = — [ p(y1,-.-,ym) 109 p(y1,. .., ym)dy.

Definition (KL divergence)

f(w)
g(x)

0 < KL(fllg) = /f(:c) log

Definition (Mutual Information)

0 < I(Y1,...,Ym) = [p(y1,---,ym) 10 gpzzgl)";%’%z)d



Solving the ICA problem with i.i.d.

SOurces

ICA problem: x = As, s = [s1;...;sy] are jointly independent.

Proof:
o P
o A

arbitrary permutation matrix,
arbitrary diagonal scaling matrix.

= x = [AP 1A 1][APs]



Solving the ICA problem

Lemma:
We can assume that E[s] = 0.

Proof:
Removing the mean does not change the mixing matrix.
x — F[x] = A(s — E[s]).

In what follows we assume that E[ss!] =1,,, E[s] = O.
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o Let ¥ = cov(x) = E[xx!] = AE[ssT]AT = AAT. O

(We assumed centered data)

e DO SVD: X € RVXN | rank(X) = M,
= ¥ = UDU7,
where U € RV*M UTU =1,,, Signular vectors
D € RM*xM djagonal with rank M. Singular values
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o Let Q =D 1/2UT ¢ RMXN whitening matrix
o Let A*=QA
e x* = Qx = QAs = A*s is our new (whitened) ICA task.

We have,

Elz*z*"] = B[Qz2TQT) = Q=T = (DY 2uTYyupuT(uD—1/?) = Iy,

— E[X*X*T] = IMr and A*A*T = IM

12




Whitening solves half of the ICA

broblem

Note:
The number of free parameters of an N by N orthogonal

matrix 1S (N-1)(N-2)/2.

= whitening solves half of the ICA problem

N = O = N

2
W
:

2

original mixed whitened
After whitening it is enough to consider

orthogonal matrices for separation. 3




Solving ICA

ICA task: Given X,
d find y (the estimation of s),

A find W (the estimation of A1)
ICA solution: y=Wx

d Remove mean, E[x]=0

Q Whitening, E[xxT]=1I

d Find an orthogonal W optimizing an objective function
e Sequence of 2-d Jacobi (Givens) rotations

N - O = N

original mixed whitened rotated
(demixed)



Optimization Using Jacobi Rotation

Matrices
(1 0 O O\
(:) cos:(e) —si:n(Q) (:)«P
G(p,q,0)=1: --. : : : | e RMXxM
O ... sin(@) ... cos(@) ... 0|«q
o ... o ... o .1
t t
p q

Observation : x = As
Estimation .y = Wx

W = arg min J(Wx),
Wew

where W = {W|W = [[G(p;, q;,0;) }
(/
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ICA Cost Functions

using Shannon’s mututal information:

p(y1).--p(ym

D JICAl(W) = I(yla te JyM) = fp(yla * 9yM) |Og p(yl,m’yM))dya 7

Let H(y) = Ha1,.--,ym) = — [ py1, .., ym) 109 p(y1, - . ., ym)dy.

Lemma
H(Wx) = H(x) + log | det W/| Proof: Homework

Therefore, ( )
P\Y1y.- - yYM
I(yr,...,yp) = .o Yyar) 1o
(y1 Ynr) /p(y1 Yur) gp(yl)mp(yM)
= —H(y1, --,ym)+Hw)+ ...+ H(yum)
—H(x1,...,2p) —log|detW| + H(y1) + ...+ H(yar)-

16




ICA Cost Functions

B p(Y1,- - Ym)
Ity ym) = fp(yl,---,yM)|09p(yl)mp(yM)

= —H(y1,...,ym)+H(y1) + ...+ H(yy)
= —H(z1,...,zp) —1og|detW|+ H(y1) + ... + H(yum)-

H(xq,...,xzp7) is constant, log|det W| = 0.

Therefore,

U Jrca,(W) =H(y1) + ...+ H(ynm) ]

The covariance is fixed: I. Which distribution has the largest entropy?

= go away from normal distribution
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Central Limit Theorem

The sum of independent variables converges to the normal distribution

—> For separation go far away from the normal distribution

—> Negentropy, Ikurtozis| maximization
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ICA Algorithms



Maximum Likelihood ICA Algorithm

David J.C. MacKay (97)
rows of W

e requires knowing densities of hidden sources {fi}A/A/

x(t) = As(t), s(t) = Wx(t), where A1 =W = [wq;...;wy] € RMxM

e simplest approach

e E LoG P, (Xb) = 3 L0G VX(AS(H) =) MAX o
£= €= Z’W : )) A
- "P A_'M S \A/vx\-f
PAS(M) = A 5( ) o _
oL= 21: LoC A"ps(ﬁu)) =T LOG|wl+ $ Laewj
= T4 P (. o 77';”(9-(“
= Troeiwl + 2 2 Lo¢ fultexw) - TA L)

| €=\ (=
5 MAY ‘ o (W y)
VY
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Maximum Likelihood ICA Algorithm

L= TcLoe|wl + 3 2 LOG f%(waxtf))

€= Q0

W/ W,

— T -\ p a r
oL T, + 22 5 Lo6 4w 14)
=, t=| E’)UU&)' @=\ .

T
=AW o« W1+ 1 zlg(Wx(t))xT(t), where g; = f!/f;
. =
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ICA algorithm based on Kurtosis

maximization
Kurtosis = 4t order cumulant

Measures

the distance from normality

*the degree of peakedness

e ry(y)=E{y'} -  B(E{s’})
=3 it E{y} = 0 and whitened

kaly) = —i rely) =0 kg ly) =12
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The Fast ICA algorithm (Hyvarinen)

e Given whitened data z Probably the most famous
e Estimate the 15 ICA component: ICA algorithm

xy=wlz, ||w||=1, = wl = 15 row of W

x maximize kurtosis f(w) = k4(y) = E[y*]-3
with constraint h(w) = ||w|? —1=0

« At optimum f/(w) + Ah/(w) = 01 () Lagrange multiplier)
= 4E[(wlz)3z] + 22w =0

Solve this equation by Newton—Raphson’s method.
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The Fast ICA algorithm (Hyvarinen)

Solve: F(w) =4E[(wT2z)3z] + 2 xw =0 ‘

Note:

y=wlz, |[w||=1, z white = E[(wlz)?] =1

The derivative
F'(w) = 12E
~ 121K

of F:

:(WTZ)QZZT:

(w''2)?]E

Flez)-1 )
U;T'\M/T? fTU(/] cw' T %f'/
e =)

+ 21

zz1] 4 221

= 12E[(w12z)2]I 4 2)I
— 121 4+ 2X1
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The Fast ICA algorithm (Hyvarinen)

The Jacobian matrix becomes diagonal, and can easily be inverted.
w(k+1) = w(k) — [F'(w(k)]~! F(w(k))

w(k + 1) = w(k) — 4E[<W(k)f2z}f§])\+2>\w(k)

(12 4+ 2wk + 1) = (12 + 20)w(k) — 4E[(w(k)T2)3z] — 22w (k)

232w (k + 1) = —3w(k) + E[(w(k)Tz)32]

Therefore,

Let wq be the fix pont of:

w(k+ 1) =E[(w(k)Tz)3z] — 3w(k)

_ w(k+1
wik +1) = et

e Estimate the 2" ICA component similarly
using the w L wq additional constraint... and so on ... 75



Other Nonlinearities
nax £ G(w'e) Glx) = -2 Cw e Revivs @)
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Other Nonlinearities

Newton method: ‘

e = k) [VF 4))] F (w2

= wie)- gz wiz)) - ik
Ifh) uo(ff] o

2 wit) <fif (uqh]’&) wly) +awts)- ’F[’?W")TJ
SlEf >§)::M ¢ LL”% )] - El ey

Algorithm: Tcem P
= W)= [:Z‘U(UU %)) | - ~EL9'(w) %ﬂ‘y/)
)P ww»*l)/“uycwl | | ylu = TANMH (oY

(h) 2 UgxP|- “/})
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Fast ICA for several units

W, .
e W=7
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