10-725: Optimization Fall 2013
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Lecturer: Ryan Tibshirani/Barnabas Poczos Scribe: Humphrey Hu

Note: LaTeX template courtesy of UC Berkeley EECS dept.
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This lecture discusses barrier methods for constrained optimization problems.

17.1 Barrier Method Formulation

The standard constrained minimization problem (P):

(P) : mip f(z)

is modified to create a penalized unconstrained problem (P(c)):
. 1
(P(e)) - min f(x) + - B()
The barrier penalty B(x) must have the following three properties:

1. B(z) must be continuous
2. B(z) > 0Vz € int(S)

3. limeQS B($> =0

Example:

Consider the following constraint on z:

A potential barrier function is:
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17.2 Log Barrier

For a system of constraints g;(z) < 04 =1,...,m, the log barrier penalty is defined as:

B(z) = Z log —gi(x)

It can be verified that this penalty function possesses the aforementioned properties. Consider now a schedule
of barrier weights ¢; with the following ordering:

0<e<eca<...<cp <Cpy1 — 0

Let p, = 2. The solutions to the barrier problems are:
H o

vy = axgmin £(z) + i B(2)
z€int(S)

Define r(pg, xr) = f(xxr) + uxB(x). This method leads to the following lemmas:
Lemma 17.1 r(ug, k) > r(tgt1, Tha1)

Lemma 17.2 B(zy) < B(zp41)

Lemma 17.3 f(zx) > f(2g+1)

Lemma 17.4 f(z*) < f(xgy1) < flag) < r(pk, zr)

The proof for lemma 17.1 is as follows:

Proof:

f(xr) + i B(zy)
(zk) + pr+1B(zk) as ¢k < ck41
(k+1) + pk+1B(Tr41) as Ty is optimal for pugyq

(Chg1s Thy1)

T(Mk, Ik)

v v

f
f
,

The proof for lemma 17.2 is as follows:
Proof:

(1) fzg) + peB(zr) < f(xg41) + peB(xps1) as xy is optimal with ¢
(2) f(xps1) + prr1B(xps1) < f(zr) + per1B(xg) as xy is optimal with cp4q
Combining (1) and (2) =

piB(xr) + prs1B(@ps1) < pB(Trg1) + prr1B(2r)
= (e — pr+1)B(@r) < (ke — pe+1) B(@k41)
= B(ak) < B(wr41) a8 g1 < pe
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|
The proof for lemma 17.3 is as follows:
Proof:
flak) + prr1B(zr) > f(xp41) + prr1B(Tp41) as 21 is optimal with cgqq
> f(zgs1) + prr1B(zr) using Lemma 17.2
= f(zr) = f(2rt1)
|
The proof for lemma 17.4 is as follows:
Proof:
f(@*) < f(zy) as z* is optimal in S and = € S
< f(@k) + e B(ak)
= r(p, Tk)
|

17.3 Primal Log Barrier Method for LPs

Given a primal LP as:

minc’z st. Az =b, >0, z € R"

x

its corresponding barrier penalized problem B(u) is:
B(p) : minc’'z — uZlog(xj) st. Az =b
j=1

For simplicity we define a diagonal matrix (D, );; = ;. Let e be a n x 1 vector of ones. The derivatives of
the objective function are:

9(€) = Vf(2) = c— uD; e
G(z) = V*f(z) = uD; "

Let = be a feasible solution to the penalty function to B(u) and define z+ = & + Az. We can approximate
f(z) with a quadratic (2nd order) Taylor expansion:

F(@) = F@) + V@) (0~ 3) + 50— 2)T V2 f @)~ 2)
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We can now formulate the function as the following LP:
i A
min Q(Ax)

st. A(Z+ Az)=b
A(Z)=b
= AAz =0

This LP has the following Lagrangian:

1
L(Az,m,) = g(z)T Az + iAzTG(i“)Aa:OWE [AAz]

Oa.L = g(z) + G(z)Az — (7L A)T =0
=c—puD e+ puD;?
O, L =—AAz =0

uD;% AT Az | [ e—uD;le
A 0 Ty o 0

This linear system can be used to solve for Az and .. We can enforce the inequality and equality constraints
with log penalty terms:

min f(z) = ¢’z — ,uZlong, sit. Az =b

Jj=1

n
Igr;ignbf(x) =cle - MZ; logb; — al z, where a; is the ith row of A
i=

Tteratively solving this with the scheduled us can be viewed as an interior point method, where x(u*) is the
central path.

17.4 Primal-Dual Log Barrier Problem

17.4.1 Formulations

Symmetric Form I:
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Figure 17.1: Interior method path

(P)maxc’x
st. Ax <b
x>0
(D) miny’b

y
st.yTA>cT
y=>0

Duality gap: ¢’z < yT Az < yTb

Symmetric Form II:

(P) min x
xr

st. Ax >b

x>0

(D) maxy”b
y

st.ylA<cl
y=>0

Duality gap: y7b < cTx

Asymmetric Form I:
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(P)max ¢’z

x
st. Av<b=Ax+s=0»
z €R"
(D)miny”b

y
st.ytA=cT
y=0

Duality gap: b7y — cTo = (Ax + s)Ty —yT Az = sTy >0

Asymmetric Form II:

(P)max ¢’z

st. Az =10
x>0

(D) miny™b
Yy

st.yTA<c =9gTA+sT =T
yEeR™

Duality gap: ¢’z — b7y = sTx >0

17.4.2 KKT Conditions

Stationarity

Let s = uD 'e. The stationary condition rewritten is:

—D,s=¢e

—D,Dse=e

The overall conditions are:
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Azxz=b, x>0
ATy+s=c
1
—D,Dse=c¢e
u

s>0

Lemma 17.5 If (x,y,s) is a solution of the above KKT conditions, then the following are true:

e x is feasible for (P)
o (y,s) is feasible for (D)

o t7s=e"D,D,e = pele=pun

The first two KKT conditions are linear in « and s, but the third is not. We can use instead the following
[-approximation:

1
[=Das —ell <8
1
Lemma 17.6 If (Z,7,3) is a B-approxzimate solution of the approzimated KKT conditions and 0 < 8 < 1,
we have the following bounds on the duality gap:
(1= B) < & — b7 < np(1+ B)

In addition, T is feasible for (P) and (g, 3) are feasible for (D).

The proof for 17.6 is as follows:
Proof:

Primal feasibility tells us that £ > 0. We need to show that § > 0.
1
[=Dys—e| <8
1

1
= —B<—xs; —1<p
w

= (1-=B)pu<wjs; <p(B+1)
:>Sj>0

The duality gap is then:

nu(l—B) <Y ajs;
j=1

= {,CTS

<nu(B+1)
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We now solve the optimization using Newton’s method. At the current iteration Z, ¥, s, from KKT we have:
Az =b, >0
ATg+5=0c5>0

1
7DiD§€ —e=0
1%

The update step consists of T — T + Az, § — y + Ay, and § — § + As. This gives us the following KKT
expressions:

AZ+Az) =0
AT(G+ Ay) + (5+ As) =c
(Dy 4+ Daz)(Ds + Das)e = pe

Combining with the previous iterate conditions, we have:
AAz =0
ATAy+As=0
DzDase + DazDse = pe — Dz Dze — DagDage
= D;zAs+ D;Ax = pe — Dz Dse

where we have dropped the Da,Das term since it is second order and small compared to the other terms.
These conditions give us a system of linear equations to solve for Az, Ay, and As. The barrier coefficient
is usually scaled at each iteration as pyy1 = aug or set to iTE%, where n is the current duality gap.

17.4.3 Algorithm

The final primal dual algorithm is given below:

Step 0 Initialization
Start with a feasible point (29,9, s%)
Step 1 Newton Step
Solve for Az, Ay, and As using the following equations:
AAzx =0
ATy + As =0
DsAx + Dz As = pe — Dz Dze
Step 2 Update Step
ol =a2F + Az
yFHl = gk 1 Ay
sl = sF + As
Step 3 Check
k=k+1
[k41 = Qfik OF 15 jzg , where n is the current duality gap
Go back to Step 1 until convergence

Theorem 17.7 Suppose that (Z,y,3) is a B-approximate solution of P(u) for some 0 < 8 < % Let
(Azx, Ay, As) be the solution of the primal-dual newton system, and let (',y',s") = (Z,7,3) + (Ax, Ay, As).

Then (2',y',s") is a %Bz—appmximate solution of P(u).



