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STATISTICAL GUARANTEES FOR THE EM ALGORITHM:
FROM POPULATION TO SAMPLE-BASED ANALYSIS'

BY SIVARAMAN BALAKRISHNAN® T,
MARTIN J. WAINWRIGHT' AND BIN YU'

University of California, Berkeley* and Carnegie Mellon University’

The EM algorithm is a widely used tool in maximum-likelihood estima-
tion in incomplete data problems. Existing theoretical work has focused on
conditions under which the iterates or likelihood values converge, and the
associated rates of convergence. Such guarantees do not distinguish whether
the ultimate fixed point is a near global optimum or a bad local optimum of
the sample likelihood, nor do they relate the obtained fixed point to the global
optima of the idealized population likelihood (obtained in the limit of infinite
data). This paper develops a theoretical framework for quantifying when and
how quickly EM-type iterates converge to a small neighborhood of a given
global optimum of the population likelihood. For correctly specified models,
such a characterization yields rigorous guarantees on the performance of cer-
tain two-stage estimators in which a suitable initial pilot estimator is refined
with iterations of the EM algorithm. Our analysis is divided into two parts:
a treatment of the EM and first-order EM algorithms at the population level,
followed by results that apply to these algorithms on a finite set of samples.
Our conditions allow for a characterization of the region of convergence of
EM-type iterates to a given population fixed point, that is, the region of the
parameter space over which convergence is guaranteed to a point within a
small neighborhood of the specified population fixed point. We verify our
conditions and give tight characterizations of the region of convergence for
three canonical problems of interest: symmetric mixture of two Gaussians,
symmetric mixture of two regressions and linear regression with covariates
missing completely at random.

1. Introduction. Data problems with missing values, corruptions and latent
variables are common in practice. From a computational standpoint, computing
the maximum likelihood estimate (MLE) in such incomplete data problems can
be quite complex. To a certain extent, these concerns have been assuaged by the
development of the expectation-maximization (EM) algorithm, along with growth
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in computational resources. The EM algorithm is widely applied to incomplete
data problems, and there is now a very rich literature on its behavior (e.g., [11,
12, 17, 25, 27, 30, 32, 34, 42, 44, 49]). However, a major issue is that in most
models, although the MLE is known to have good statistical properties, the EM
algorithm is only guaranteed to return a local optimum of the sample likelihood
function. The goal of this paper is to address this gap between statistical and com-
putational guarantees, in particular by developing an understanding of conditions
under which the EM algorithm is guaranteed to converge to a local optimum that
matches the performance of maximum likelihood estimate up to constant factors.

The EM algorithm has a lengthy and rich history. Various algorithms of the
EM-type were analyzed in early work (e.g., [5, 6, 18, 19, 37, 40, 41]), before the
EM algorithm in its modern general form was introduced by Dempster, Laird and
Rubin [17]. Among other results, these authors established its well-known mono-
tonicity properties. Wu [50] established some of the most general convergence re-
sults known for the EM algorithm; see also the more recent papers [15, 43]. Among
the results in the paper, [50] is a guarantee for the EM algorithm to converge to
the unique global optimum when the likelihood is unimodal and certain regular-
ity conditions hold. However, in most interesting cases of the EM algorithm, the
likelihood function is multi-modal, in which case the best that can be guaranteed
is convergence to some local optimum of the likelihood at an asymptotically geo-
metric rate (see, e.g., [20, 29, 31, 33]). A guarantee of this type does not preclude
that the EM algorithm converges to a “poor” local optimum—meaning one that is
far away from any global optimum of the likelihood. For this reason, despite its
popularity and widespread practical effectiveness, the EM algorithm is in need of
further theoretical backing.

The goal of this paper is to take the next step in closing this gap between the
practical use of EM and its theoretical understanding. At a high level, our main
contribution is to provide a quantitative characterization of a basin of attraction
around the population global optimum with the following property: if the EM al-
gorithm is initialized within this basin, then it is guaranteed to converge to an EM
fixed point that is within statistical precision of a global optimum. The statistical
precision is a measure of the error in the maximum likelihood estimate, or any
other minimax optimal method; we define it more precisely in the sequel. Thus, in
sharp contrast with the classical theory [20, 29, 31, 33]—which guarantees asymp-
totic convergence to an arbitrary EM fixed point—our theory guarantees geometric
convergence to a “good” EM fixed point.

In more detail, we make advances over the classical results in the following
specific directions:

e Existing results on the rate of convergence of the EM algorithm guarantee that
there is some neighborhood of a fixed point over which the algorithm converges
to this fixed point, but do not quantify its size. In contrast, we formulate condi-
tions on the auxiliary Q-function underlying the EM algorithm, which allow us
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to give a quantitative characterization of the region of attraction around the pop-
ulation global optimum. As shown by our analysis for specific statistical mod-
els, its size is determined by readily interpretable problem-dependent quantities,
such as the signal-to-noise ratio (SNR) in mixture models, or the probability of
missing-ness in models with missing data. As a consequence, we can provide
concrete guarantees on the initializations of EM that lead to good fixed points.
For example, for Gaussian mixture models with a suitably large mean separa-
tion, we show that a relatively poor initialization suffices for the EM algorithm
to converge to a near-globally optimal solution.

e Classical results on the EM algorithm are all sample-based, in particular ap-
plying to any fixed point of the sample likelihood. However, given the non-
convexity of the likelihood, there is a priori no reason to believe that any fixed
points of the sample likelihood are close to the population MLE (i.e., a maxi-
mizer of the population likelihood), or equivalently (for a well-specified model)
close to the underlying true parameter. Indeed, it is easy to find cases in which
the likelihood function has spurious local maxima; see Figure 1 for one simple
example. In our approach, we first study the EM algorithm in the idealized limit
of infinite samples, referred to as the population level. For specific models, we
provide conditions under which there are in fact no spurious fixed points for two
algorithms of interest (the EM and first-order EM algorithms) at the population
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FI1G. 1. An illustration of the inadequacy of purely sample-based theory guaranteeing linear con-
vergence to any fixed point of the sample-based likelihood. The figure illustrates the population and
sample-based likelihoods for samples y ~ %N(—Q*, 1+ %N(Q*, 1) with 6* = 0.7. There are two
global optima for the population-likelihood corresponding to 6* and —0*, while the sample-based
likelihood, for a small sample size, can have a single spurious maximum near 0. Our theory guaran-
tees that for a sufficiently large sample size this phenomenon is unlikely, and that in a large region
around 6* (of radius roughly 0% ||,), all maxima of the sample-based likelihood are extremely close
to 0*, with an equivalent statement for a neighborhood of —6*.
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level. We then give a precise lower bound on the sample size that suffices to
ensure that, with high probability, the sample likelihood does not have spuri-
ous fixed points far away from the population MLE. These results show that the
behavior shown in Figure 1 is unlikely given a sufficiently large sample.

e In simulations, it is frequently observed that if the EM algorithm is given a
“suitable” initialization, then it converges to a statistically consistent estimate.
For instance, in application to a mixture of regressions problem, Chaganty and
Liang [13] empirically demonstrate good performance for a two-stage estima-
tor, in which the method of moments is used as an initialization, and then the
EM algorithm is applied to refine this initial estimator. Our theory allows us to
give a precise characterization of what type of initialization is suitable for these
types of two-stage methods. When the pilot estimator is consistent but does not
achieve the minimax-optimal rate (as is often the case for various moment-based
estimators in high dimensions), then these two-stage approaches are often much
better than the initial pilot estimator alone. Our theoretical results help explain
this behavior, and can further be used to characterize the refinement stage in new
examples.

In well-specified statistical models, our results provide sufficient conditions on
initializations that ensure that the EM algorithm converges geometrically to a fixed
point that is within statistical precision of the unknown true parameter. Such a
characterization is useful for a variety of reasons. First, there are many settings
(including mixture modeling) in which the statistician has the ability to collect a
few labeled samples in addition to many unlabeled ones, and understanding the
size of the region of convergence of EM can be used to guide the efforts of the
statistician, by characterizing the number of labeled samples that suffice to (with
high-probability) provide an initialization from which she can leverage the unla-
beled samples. In this setting, the typically small set of labeled samples are used
to construct an initial estimator which is then refined by the EM algorithm ap-
plied on the larger pool of unlabeled samples. Second, in practice, the EM algo-
rithm is run with numerous random initializations. Although we do not directly
attempt to address this in this paper, we note that a tight characterization of the
region of attraction can be used in a straightforward way to answer the question:
how many random initializations (from a specified distribution) suffice (with high-
probability) to find a near-globally optimal solution?

Roadmap. Our main results concern the population EM and first-order EM
algorithms and their finite-sample counterparts. We give conditions under which
the population algorithms are contractive to the MLE, when initialized in a ball
around the MLE. These conditions allow us to establish the region of attraction
of the population MLE. A bulk of our technical effort is in the treatment of three
examples—namely, a symmetric mixture of two Gaussians, a symmetric mixture
of two regressions and regression with missing covariates—for which we show
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that our conditions hold in a large region around the MLE, and that the size of this
region is determined by interpretable problem-dependent quantities.

The remainder of this paper is organized as follows. Section 2 provides an Intro-
duction to the EM and first-order EM algorithms, and develops some intuition for
the theoretical treatment of the first-order EM algorithm. Section 3 is devoted to
the analysis of the first-order EM at the population level: in particular, Theorem 1
specifies concrete conditions that ensure geometric convergence, and Corollaries 1,
2 and 3 show that these conditions hold for three specific classes of statistical
models: Gaussian mixtures, mixture of regressions and regression with missing
covariates. We follow with analysis of the sample-based form of the first-order
EM updates in Section 4, again stating two general theorems (Theorems 2 and 3),
and developing their consequences for our three specific models in Corollaries 4,
5 and 6. We also provide an analogous set of population and sample results for
the standard EM updates. The main results appear in Section 5. Due to space con-
straints, we defer detailed proofs as well as a treatment of concrete examples to the
Supplementary Material [3]. In addition, Appendix C contains additional analysis
of stochastic online forms of the first-order EM updates. Section 6 is devoted to
the proofs of our results on the first-order EM updates, with some more technical
aspects again deferred to appendices in the Supplementary Material.

2. Background and intuition. We begin with basic background on the stan-
dard EM algorithm as well as the first-order EM algorithm as they are applied at
the sample level. We follow this background by introducing the population-level
perspective that underlies the analysis of this paper, including the notion of the or-
acle iterates at the population level and the gradient smoothness condition, as well
as discussing the techniques required to translate from population based results to
finite-sample based results.

2.1. EM algorithm and its relatives. Let Y and Z be random variables taking
values in the sample spaces ) and Z, respectively. Suppose that the pair (Y, Z) has
a joint density function fg+ that belongs to some parameterized family { f |6 € 2}
where 2 is some nonempty convex set of parameters. Suppose that rather than ob-
serving the complete data (Y, Z), we observe only component Y. The component
Z corresponds to the missing or latent structure in the data. For each 6 € 2, we let
kg (z|y) denote the conditional density of z given y.

Our goal is to obtain an estimate of the unknown parameter 6* via maximizing
the log-likelihood. Throughout this paper, we assume that the generative model is
correctly specified, with an unknown true parameter 0*. In the classical statistical
setting, we observe n i.i.d. samples {y;}/"_, of the ¥ component. Formally, under
the i.i.d. assumption, we are interested in computing some 6 € {2 maximizing the
log-likelihood function 6 — £,(0) where

] n
£,(0) = - glog[/z fo(yi, Zi)dzi:|~
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Rather than attempting to maximize the likelihood directly, the EM framework
is based on using an auxiliary function to lower bound the log likelihood. More
precisely, we define a bivariate function Q, : Q2 x € — R as follows.

DEFINITION 1 (Finite-sample Q-function).

1 n
2.1) 0.(010") = ;Z(/Zke'(zlyi)logfa(yi,Z)d2>-
i=1

The quantity Q,(6|0") provides a lower bound on the log-likelihood ¢, (0) for
any 0, with equality holding when 6 = §'—that is, £, (8") = Q,(0'|6).

The standard EM algorithm operates by maximizing this auxiliary function,
whereas the first-order EM algorithm operates by taking a gradient step.? In more
detail:

e Given some initialization 6° € €, the standard EM algorithm performs the up-
dates

(2.2) 0"t = argmax 0,,(610"), t=0,1,....
e

e Given some initialization 6° € Q and an appropriately chosen step-size o > 0,
the first-order EM algorithm performs the updates:

(2.3) 0"t =0" +aV0,(010")g=gr  fort=0,1,...,

where the gradient is taken with respect to the first argument of the Q-function.?
There is also a natural extension of the first-order EM iterates that includes a
constraint arising from the parameter space €2, in which the update is projected
back using a Euclidean projection onto the constraint set 2.

It is important to note that in typical examples, several of which are considered
in detail in this paper, the likelihood function ¢, is not concave, which makes
direct computation of a maximizer challenging. On the other hand, there are many
cases in which, for each fixed 6’ € Q, the functions Q,,(-|0") are concave, thereby
rendering the EM updates tractable. In this paper, as is often the case in examples,
we focus on cases when the functions Q,,(:|6") are concave.

It is easy to verify that the gradient V Q,,(9|6"), when evaluated at the specific
point & = 6’, is actually equal to the gradient V¢, (0") of the log-likelihood at 6.
Thus, the first-order EM algorithm is actually gradient ascent on the marginal log-
likelihood function. However, the description given in equation (2.3) emphasizes
the role of the Q-function, which plays a key role in our theoretical development,
and allows us to prove guarantees even when the log likelihood is not concave.

ZWe assume throughout that 9, and Q are differentiable in their first argument.
3Throughout this paper, we always consider the derivative of the Q-function with respect to its
first argument.
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2.2. Population-level perspective. The core of our analysis is based on analyz-
ing the log likelihood and the Q-functions at the population level, corresponding
to the idealized limit of an infinite sample size. The population counterpart of the
log likelihood is the function 6 — £(6) given by

2.4) o= tog| [ 1o 204z .

where 6* denotes the true, unknown parameter and gg+ is the marginal density
of the observed data. A closely related object is the population analog of the
Q-function, defined as follows.

DEFINITION 2 (Population Q-function).
25) 0@10) = [ ( [ korciniog fotv.2 dZ)ge*(y)dy-
y Z

We can then consider the population analogs of the standard EM and first-
order EM updates, obtained by replacing Q, and VQ, with Q and VQ in equa-
tions (2.2) and (2.3), respectively. Our main goal is to understand the region of the
parameter space over which these iterative schemes, are convergent to 8*. For the
remainder of this section, let us focus exclusively on the population first-order EM
updates, given by

2.6) 0"t =0' +aVQ(010")|g—gr,  fort=0,1,2,....

The concepts developed here are also useful in understanding the EM algorithm;
we provide a brief treatment of the EM algorithm in Section 5 and a full treatment
of it in Appendix B of the Supplementary Material.

2.3. Oracle auxiliary function and iterates. Our key insight is that in a local
neighborhood of 6%, the first-order EM iterates (2.6) can be viewed as perturba-
tions of an alternate oracle iterative scheme, one that is guaranteed to converge
to 6*. This leads us to a natural condition, relating the perturbed and oracle itera-
tive schemes, which gives an explicit way to characterize the region of convergence
of the first-order EM algorithm.

Since the vector 0* is a maximizer of the population log-likelihood, a classical
result [29] guarantees that it must then satisfy the condition

(2.7 0* = argmax Q(010%),
0eQ

a property known as self-consistency. Whenever the function Q is concave in its
first argument, this property allows us to express the fixed-point of interest 6* as the
solution of a concave maximization problem—namely one involving the auxiliary
function g : 2 — R given by the following.
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DEFINITION 3 (Oracle auxiliary function).
28)  q(0):=0(016") = /y ( fz ko 21y log fo (v, 2) dz)gg*(wdy.

Why is this oracle function useful? Assuming that it satisfies some standard reg-
ularity conditions—namely, strong concavity and smoothness—classical theory on
gradient methods yields that, with an appropriately chosen stepsize «, the iterates

(2.9) 6 =6" +avq (@)  fort=0,1,2,...

converge at a geometric rate to 6*. Of course, even in the idealized population
setting, the statistician cannot compute the oracle function ¢, since it presumes
knowledge of the unknown parameter 6*. However, with this perspective in mind,
the first-order EM iterates (2.3) can be viewed as a perturbation of the idealized
oracle iterates (2.9).

By comparing these two iterative schemes, we see that the only difference is
the replacement of Vg (#') = VQ(6'|6*) with the quantity VQ(8']0"). Thus, we
are naturally led to consider a gradient smoothness condition which ensures the
closeness of these quantities. Particularly, we consider a condition of the form

2.10)  |Vq®) —VQ®@I8)|, <y|6—6%], forall & €By(r; %),

where B, (r; 6*) denotes a Euclidean ball* of radius r around the fixed point 6*,
and y is a smoothness parameter. Our first main result (Theorem 1) shows that
when the gradient smoothness condition (2.10) holds for appropriate values of y,
then for any initial point ° € B, (r; #*), the first-order EM iterates converge at a
geometric rate to 8*. In this way, we have a method for explicitly characterizing the
region of the parameter space €2 over which the first-order EM iterates converge
to 6*.

Of course, there is no a priori reason to suspect that gradient smoothness con-
dition (2.10) holds for any nontrivial values of the radius r and with a sufficiently
small y in concrete examples. Indeed, much of the technical work in our paper is
devoted to studying important and canonical examples of the EM algorithm, and
showing that the smoothness condition (2.10) does hold for reasonable choices of
the parameters r and y, ones which yield accurate predictions of the behavior of
EM in practice.

2.4. From population to sample-based analysis. Our ultimate interest is in the
behavior of the finite-sample first-order EM algorithm. Since the finite-sample up-
dates (2.3) are based on the sample gradient V Q,, instead of the population gradi-
ent VO, a central object in our analysis is the empirical process given by

(2.11) {VO(@616) — VQ,(010),0 € By(r; 0%)}.

4Our choice of a Euclidean ball is for concreteness; as the analysis in the sequel clarifies, other
convex local neighborhoods of 8* could also be used.
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FIG. 2. Anillustration of Theorem 2. The theorem describes the geometric convergence of iterates
of the first-order EM algorithm to the ball of radius O(s‘émf(n, 3)).

Let 8‘5‘if(n, 8) be an upper bound on the supremum of this empirical process that
holds with probability at least 1 — §. With this notation, our second main result
(Theorem 2) shows that under our previous conditions at the population level, the
sample first-order EM iterates converge geometrically to a near-optimal solution—
namely, a point whose distance from 6* is at most a constant multiple of e‘énif(n, 5).
Figure 2 provides an illustration of the convergence guarantee provided by Theo-
rem 2.

Of course, this type of approximate convergence to 8* is only useful if the bound
eg‘if(n, 38) is small enough—ideally, of the same or lower order than the statistical
precision, as measured by the Euclidean distance from the MLE to 6*. Conse-
quently, a large part of our technical effort is devoted to establishing such bounds
on the empirical process (2.11), making use of several techniques such as sym-
metrization, contraction and concentration inequalities. All of our finite-sample
results are nonasymptotic, and allow for the problem dimension d to scale with
the sample-size n. Our finite-sample bounds are minimax-optimal up to logarith-
mic factors, and in typical cases are only sensible for scalings of d and n for which
d < n. This is the best one can hope for without additional structural assumptions.
We also note that after the initial posting of this work, the paper of Wang et al. [48]
utilized our population-level analysis in the analysis of a truncated EM algorithm
which under the structural assumption of sparsity of the unknown true parameter
achieves near minimax-optimal rates in the regime when d > n.

The empirical process in equation (2.11) is tailored for analyzing the batch ver-
sion of sample EM, in which the entire data set is used in each update. In other
settings, it can also be useful to consider sample-splitting EM variants, in which
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each iteration uses a fresh batch of samples. The key benefit from a theoretical
standpoint of the sample-splitting variant is that at the price of a typically logarith-
mic overhead in sample size, analysis of the sample-splitting variant requires much
weaker control on the empirical process: instead of controlling the supremum of
the empirical process in equation (2.11), we only require a point-wise bound that
needs to hold at the sequence of iterates. Our third main result (Theorem 3) pro-
vides analogous guarantees on such a sample-splitting form of the EM updates.
Finally, in Appendix C, we analyze using a different technique, based on stochas-
tic approximation, the most extreme form of sample-splitting, in which each iterate
is based on a single fresh sample, corresponding to a form of stochastic EM. This
form of extreme sample-splitting leads to an estimator that can be computed in
an online/streaming fashion on an extremely large data-set which is an important
consideration in modern statistical practice.

3. Population-level analysis of the first-order EM algorithm. This section
is devoted to a detailed analysis of the first-order EM algorithm at the population
level. Letting 6* denote a given global maximum of the population likelihood,
our first main result (Theorem 1) characterizes a Euclidean ball around 6* over
which the population update is contractive. Thus, for any initial point falling in
this ball, we are guaranteed that the first-order EM updates converge to 6*. In
Section 3.2, we derive some corollaries of this general theorem for three specific
statistical models: mixtures of Gaussians, mixtures of regressions and regression
with missing data.

3.1. A general population-level guarantee. Recall that the population-level
first-order EM algorithm is based on the recursion 8't! = 6" +aV Q(66")|g—pr,
where « > 0 is a step size parameter to be chosen. The main contribution of this
section is to specify a set of conditions, defined on a Euclidean ball B, (r; 6*) of
radius r around this point, that ensure that any such sequence, when initialized in
this ball, converges geometrically 6*.

Our first requirement is the gradient smoothness condition previously discussed
in Section 2.3. Formally, we require the following.

CONDITION 1 (Gradient smoothness). For an appropriately small parameter
y > 0, we have that

B0 |[Vg@®) —vo@Ie)|,<y|0—6%], forall6eBy(r;6%).

As specified more clearly in the sequel, a key requirement in the above condition
is that the parameter y, be sufficiently small. Our remaining two requirements
apply to the oracle auxiliary function ¢ (0) := Q(0|6*), as previously introduced
in Definition 3. We require the following.
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CONDITION 2 (A-strong concavity). There is some A > 0 such that

A
901 = q(62) = (Vq(62), 01 — 62) < =161 = 613
(3.2)
for all pairs 6y, 6, € Ba(r; 6%).

When we require this condition to hold for all pairs 6, 6, € Q we refer to this as
global A-strong concavity.

CONDITION 3 (p-smoothness). There is some © > 0 such that

w
q(61) — q(62) — (Vq(6), 61 — 62) = — =161 — 633
2
(3.3)
for all 01, 6, € Ba(r; 6%).

As we illustrate, these conditions hold in many concrete instantiations of EM,
including the three model classes we study in the next section.

Before stating our first main result, let us provide some intuition as to why
these conditions ensure good behavior of the first-order EM iterates. As noted in
Section 2.3, the point 6* maximizes the function ¢, so that in the unconstrained
case, we are guaranteed that V¢ (6*) = 0. Now suppose that the A-strong concavity
and y-smoothness conditions hold for some y < A. Under these conditions, it is
easy to show (see Appendix A.4) that

(3.4) (Vo(0'16"), vq(0")) >0 for any 6" € By (r; 6%) \ {6*}.

This condition guarantees that for any 6’ # 0*, the direction VQ(6'|0") taken
by the first-order EM algorithm at iteration ¢ always makes a positive angle with
Vq(#"), which is an ascent direction for the function g. Given our perspective of g
as a concave surrogate function for the nonconcave log-likelihood, we see condi-
tion (3.4) ensures that the first-order EM algorithm makes progress toward 6*. Our
first main theorem makes this intuition precise, and in fact guarantees a geometric
rate of convergence toward 6*.

THEOREM 1. For some radius r > 0, and a triplet (y, A, n) suchthat 0 <y <
A < wu, suppose that Conditions 1, 2 and 3 hold, and suppose that the stepsize is

chosen as o = ﬁ Then given any initialization 0° € Ba(r; 0%), the population
first-order EM iterates satisfy the bound

20—y
3.5 o' —0* <<1—
63 o -ely = (1- 22

t
) |6° —o6*|,  forallt=1,2,....

Since (1 — ZI;\T_{) < 1, the bound (3.5) ensures that at the population level, the
first-order EM iterates converge geometrically to 6*.

Although its proof (see Section 6.1) is relatively straightforward, applying The-
orem 1 to concrete examples requires some technical work in order to certify that
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Conditions 1 through 3 hold over the ball B, (r; 8*) for a reasonably large choice
of the radius r. In the examples considered in this paper, the strong concavity and
smoothness conditions are usually relatively straightforward, whereas establishing
gradient smoothness (Condition 1) is more challenging. Intuitively, the gradient
smoothness condition is a smoothness condition on the Q-function with respect to
its second argument. Establishing that the gradient condition holds over (nearly)
optimally-sized regions involves carefully leveraging properties of the generative
model as well as smoothness properties of the log-likelihood function.

3.2. Population-level consequences for specific models. In this section, we de-
rive some concrete consequences of Theorem 1 in application to three classes of
statistical models for which the EM algorithm is frequently applied: Gaussian mix-
ture models in Section 3.2.1, mixtures of regressions in Section 3.2.2 and regres-
sion with missing covariates in Section 3.2.3. We refer the reader to Appendix A
for derivations of the exact form of the EM and first-order EM updates for these
three models, thereby leaving this section to focus on the consequences on the
theory.

3.2.1. Gaussian mixture models. Consider the two-component Gaussian mix-
ture model with balanced weights and isotropic covariances. It can be specified by
a density of the form

(3.6) fo) =3 (v: 0%, 0%1a) + 1 (y; —0*, 07 1),

where ¢ (-; i, X) denotes the density of a N'(i, ¥) random vector in R4, and we
have assumed that the two components are equally weighted. Suppose that the
variance o2 is known, so that our goal is to estimate the unknown mean vector 6*.
In this example, the hidden variable Z € {0, 1} is an indicator variable for the
underlying mixture component, that is,

(Y|Z=0)~N(=6%0%1;) and (Y|Z=1)~N(* o%1y).

The difficulty of estimating such a mixture model can be characterized by the

signal-to-noise ratio @, and our analysis requires the SNR to be lower bounded
as

0*
a7 s

o

for a sufficiently large constant 1 > 0. Past work by Redner and Walker [39] pro-
vides empirical evidence for the necessity of this assumption: for Gaussian mix-
tures with low SNR, they show that the ML solution has large variance, and fur-
thermore verify empirically that the convergence of the EM algorithm can be quite
slow. Other researchers [28, 51] also provide theoretical justification for the slow
convergence of EM on poorly separated Gaussian mixtures.

With the signal-to-noise ratio lower bound n defined above, we have the follow-
ing guarantee.
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COROLLARY 1 (Population result for the first-order EM algorithm for Gaussian
mixtures). Consider a Gaussian mixture model for which the SNR condition (3.7)

holds for a sufficiently large n, and define the radius r = %. Then there is

. . —cn? . ,
a contraction coefficient x(n) < e~ T where c¢ is a universal constant such that
for any initialization 6° € By(r; 0%), the population first-order EM iterates with
stepsize 1, satisfy the bound

(3.8) |6" —0*|, <«'|6° 6%,  forallt=1,2,....

REMARKS.

e The above corollary guarantees that when the SNR is sufficiently large, the
population-level first-order EM algorithm converges to 6* when initialized at
any point in a ball of radius ||60*||2/4 around 6*. Of course, an identical state-
ment is true for the other global maximum at —0*. At the population-level the
log-likelihood function is not concave: it has two global maxima at 6* and —6*,
a local minimum at 0 and a hyperplane of points that are attracted toward O,
that is, any point that is equi-distant from 6* and —6* is a point of the popu-
lation EM algorithm that is not attracted toward a global maximum. Observing
that the all-zeroes vectors is also a fixed point of the (population) first-order EM
algorithm—albeit a bad one—our corollary gives a characterization of the basin
of attraction that is optimal up to the factor of 1/4.

e In addition, the result shows that the first-order EM algorithm has two appealing
properties: (a) as the mean separation grows, the initialization can be further
away 0* while retaining the global convergence guarantee; and (b) as the SNR
grows, the first-order EM algorithm converges more rapidly. In particular, in a
high SNR problem a few iterations of first-order EM suffice to obtain a solution
that is very close to 6*. Both of these effects have been observed empirically in
the work of Redner and Walker [39], and we give further evidence in our later
simulations in Section 4. To the best of our knowledge, Corollary 1 provides the
first rigorous theoretical characterization of this behavior.

e The proof of Corollary 1 involves establishing that for a sufficiently large SNR,
the Gaussian mixture model satisfies the gradient smoothness, A-strong concav-
ity and p-smoothness (Conditions 1-3). We provide the body of the proof in
Section 6.3.1, with the more technical details deferred to the Supplementary
Material ([3], Appendix D).

3.2.2. Mixture of regressions. We now consider the mixture of regressions
model, which is a latent variable extension of the usual regression model. In the
standard linear regression model, we observe i.i.d. samples of the pair (¥, X) €
R x R? linked via the equation

(3.9) yi = (xi, 0%) + vi,
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where v; ~ N(0,02) is the observation noise assumed to be independent of x;.
We assume a random design setting where x; ~ N(0, I) are the design vectors
and 6* € RY is the unknown regression vector to be estimated. In the mixture of
regressions problem, there are two underlying choices of regression vector—say 6*
and —0*—and we observe a pair (y;, x;) drawn from the model (3.9) with prob-
ability % and otherwise generated according to the alternative regression model
yi = (xi, —0) + v;. Here, the hidden variables {z;}?_, correspond to labels of the
underlying regression model: say z; = 1 when the data is generated according to
the model (3.9), and z; = 0 otherwise. Some recent work [13, 14, 53] has analyzed
different methods for estimating a mixture of regressions. The work [14] analyzes
a convex relaxation approach while the work [13] analyzes an estimator based on
the method-of-moments. The work [53] focuses on the noiseless mixture of re-
gressions problem (where v; = 0), and provides analysis for an iterative algorithm
in this context. In the symmetric form we consider, the mixture of regressions
problem is also closely related to models for phase retrieval, albeit over R?, as
considered in another line of recent work (e.g., [4, 10, 36]).

As in our analysis of the Gaussian mixture model, our theory applies when the
signal-to-noise ratio is sufficiently large, as enforced by a condition of the form

0*
(3.10) o712 "
o

for a sufficiently large constant n > 0. Under a suitable lower bound on this quan-
tity, our first result guarantees that the first-order EM algorithm is locally conver-
gent to the global optimum 6* and provides a quantification of the local region of
convergence.

COROLLARY 2 (Population result for the first-order EM algorithm for MOR).
Consider any mixture of regressions model satisfying the SNR condition (3.10)
for a sufficiently large constant n, and define the radius r := ”93%. Then for any

09 € By (r; %), the population first-order EM iterates with stepsize 1, satisfy the
bound

(3.11) 6" — 0%, < () |6° —6*],  fort=1,2,....

REMARKS.

e As with the Gaussian mixture model, the population likelihood has global max-
ima at 8* and —0*, and a local minimum at 0. Consequently, the largest Eu-
clidean ball over which the iterates could converge to 8* would have radius
16*]12. Thus, we see that our framework gives an order-optimal characterization
of the region of convergence.’

3 Possibly the factor 1/32 could be sharpened with a more detailed analysis.
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e Our analysis shows that the rate of convergence is again a decreasing function
of the SNR parameter n. However, its functional form is not as explicit as in
the Gaussian mixture case, so to simplify the statement, we used the fact that
it is upper bounded by 1/2. The proof of Corollary 2 involves verifying that
the family of Q functions for the MOR model satisfies the required gradient
smoothness, concavity and smoothness properties (Conditions 1 through 3). We
provide the body of the argument in Section 6.3.2, with more technical aspects
deferred to the Supplementary Material ([3], Appendix E).

3.2.3. Linear regression with missing covariates. Our first two examples in-
volved mixture models in which the class membership variable was hidden. An-
other canonical use of the EM algorithm is in cases with corrupted or missing data.
In this section, we consider a particular instantiation of such a problem, namely
that of linear regression with the covariates missing completely at random.

In standard linear regression, we observe response—covariate pairs (y;, Xx;) €
R x R¢ generated according to the linear model (3.9). In the missing data extension
of this problem, instead of observing the covariate vector x; € R? directly, we
observe the corrupted version ¥; € RY with components

i with probability 1 — p,
(3.12) %= {xu P y P

*, with probability p,

where p € [0, 1) is the probability of missingness.

For this model, the key parameter is the probability p € [0, 1) that any given
coordinate of the covariate vector is missing, and our analysis links this quantity
to the signal-to-noise ratio and the radius of contractivity r, that is, the radius of
the region around 8* within which the population EM algorithm is convergent to a
global optimum. Define

_ 187112 r

(3.13a) & : and & :=—.
o

With this notation, our theory applies whenever the missing probability satisfies
the bound

1

where £ := (& +&)”.

COROLLARY 3 (Population contractivity for missing covariates). Given any
missing covariate regression model with missing probability p satisfying the
bound (3.13b), the first-order EM iterates with stepsize 1, satisfy the bound

(3.14) 0" — 6%, <«'|6° 6%, fort=1,2,...,

where Kk = K(f, p) = (%22(1%)))
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REMARKS.

When the inequality (3.13b) holds, it can be verified that « (€, p) is strictly less
than 1, which guarantees that the iterates converge at a geometric rate.

Relative to our previous results, this corollary is somewhat unusual, in that we
require an upper bound on the signal-to-noise ratio @. Although this require-
ment might seem counter-intuitive at first sight, known minimax lower bounds
on regression with missing covariates [26] show that it is unavoidable, that is, it
is neither an artifact of our analysis nor a deficiency of the first-order EM algo-
rithm. Intuitively, such a bound is required because as the norm ||6*||, increases,
unlike in the mixture models considered previously, the amount of missing infor-
mation increases in proportion to the amount of observed information. Figure 3
provides the results of simulations that confirm this behavior, in particular show-
ing that for regression with missing data, the radius of convergence eventually
decreases as [|0*||2 grows.

We provide the proof of this corollary in Section 6.3.3. Understanding the tight-
ness of the above result remains an open problem. In particular, unlike in the
mixture model examples, we do not know of a natural way to upper bound the
radius of the region of convergence.

In conclusion, we have derived consequences of our main population-level re-

sult (Theorem 1) for three specific concrete models. In each of these examples,
the auxiliary function ¢ is quadratic, so that verifying the strong concavity and

Regions of convergence
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=
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FI1G. 3. Simulations of the radius of convergence for the first-order EM algorithm for problems of

dimension d = 10, sample size n = 1000 and variance o2 = 1. Radius of convergence is defined as

the maximum value of ||00 — 0*||p for which initialization at 69 leads to convergence to an optimum
near 0*. Consistent with the theory, for both the Gaussian mixture and mixture of regression models,
the radius of convergence grows with ||0*||». In contrast, in the missing data case (here with p =0.2),
increasing ||0* > can cause the EM algorithm to converge to bad local optima, which is consistent
with the prediction of Corollary 3.
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smoothness examples is relatively straightforward. In contrast, verifying the gradi-
ent smoothness (GS) bound in Condition 1 requires substantially more effort. We
believe that the GS condition is a canonical concept in the understanding of EM-
type iterations, as evidenced by its role in highlighting critical problem dependent
quantities—such as signal-to-noise ratio and probability of missingness—that de-
termine the region of attraction for global maxima of the population likelihood.

4. Analysis of sample-based first-order EM updates. Up to this point, we
have analyzed the first-order EM updates at the population level (2.6), whereas in
practice, the algorithm is applied with a finite set of samples. Accordingly, we now
turn to theoretical guarantees for the sample-based first-order EM updates (2.3).
As discussed in Section 2.4, the main challenge here is in controlling the empirical
process defined by the difference between the sample-based and population-level
updates.

4.1. Standard form of sample-based first-order EM. Recalling the defini-
tion (2.1) of the sample based Q-function, we are interested in the behavior of
the recursion

4.1 0t =0 +av 0, (010" lo=sr,

where o > 0 is an appropriately chosen stepsize. As mentioned previously, we
need to control the deviations of the sample gradient VQ, from the population
version V Q. Accordingly, for a given sample size n and tolerance parameter § €
(0, 1), we let 8“me(n, &) be the smallest scalar such that

(4.2) sup [V Q,(010) = VQ©10)], < 5" (n. 6)
0By (r;0%)

with probability at least 1 — §.

Our first main result on the performance of the sample-based first-order EM al-
gorithm depends on the same assumptions as Theorem 1: namely, that there exists
a radius r > 0 and a triplet (y, A, u) with 0 < y < A < u such that the gradient
smoothness, strong-concavity and smoothness conditions hold (Conditions 1-3),
and that we implement the algorithm with stepsize o = ﬁ

THEOREM 2. Suppose that, in addition to the conditions of Theorem 1, the
sample size n is large enough to ensure that

(4.3) eg(n,8) < (. —y)r.

Then with probability at least 1 — 8, given any initial vector 0° € By(r; 6*), the
finite-sample first-order EM iterates {0"}7°,, satisfy the bound

ef(n, 8)
A —
forallt=1,2,....

20 — 2y
m+A

t
o o7, < (1- =20 ) 10 67l +

(4.4)
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REMARKS.

e This result leverages the population-level result in Theorem 1. It is particularly
crucial that we have linear convergence at the population level, since this en-
sures that errors made at each iteration, which are bounded by 8“Q“if(n, 8) with
probability at least 1 — 4§, do not accumulate too fast. The bound in equation (4.3)
ensures that the iterates of the finite-sample first-order EM algorithm remain in
B, (r; 6*) with the same probability.

e Note that the bound (4.4) involves two terms, the first of which decreases ge-
ometrically in the iteration number ¢, whereas the second is independent of ¢.
Thus, we are guaranteed that the iterates converge geometrically to a ball of
radius (’)(sg‘if(n, 8)). See Figure 4 for an illustration of this guarantee. In typ-

ical examples, we show that 8‘(‘2“if(n, 8) is on the order of the minimax rate for
estimating 6*. For the d-dimensional parametric problems considered in this pa-
per, the minimax rate typically scales as O(,/d/n). In these cases, Theorem 2
guarantees that the first-order EM algorithm, when initialized in B, (r; 6*), con-
verges rapidly to a point that is within the minimax distance of the unknown true
parameter.

e For a fixed sample size n, the bound (4.4) suggests a reasonable choice of the

number of iterations. In particular, letting k =1 — 22:_2;’, consider any positive

90

FIG. 4. An illustration of Theorems 2 and 3. The first part of the theorem describes the geometric
convergence of iterates of the EM algorithm to the ball of radius O(sume(n, 8)) (in black). The second
part describes the geometric convergence of the sample-splitting EM algorithm to the ball of radius
O(eg(n/T,8/T)) (in red). In typical examples, the ball to which sample-splitting EM converges is
only a logarithmic factor larger than the ball O(g g (n, 8)) (in blue).
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integer T such that
(A = p)116° — 6*|I2

4.5 T >1o .
(%) = OB T T )

As will be clarified in the sequel, such a choice of 7" exists in various concrete
models considered here. This choice ensures that the first term in the bound (4.4)
is dominated by the second term, and hence that

2851“'“ (n,8)

T _ p*
(4.6) o7 — 6%, < P

with probability at least 1 — 4.

4.2. Sample-splitting in first-order EM. In this section, we consider the finite-
sample performance of a variant of the first-order EM algorithm that uses a fresh
batch of samples for each iteration. Although we introduce the sample-splitting
variant primarily for theoretical convenience, there are also some potential practi-
cal advantages, such as computational savings from having a smaller data set per
update. A disadvantage is that it can be difficult to correctly specify the number of
iterations in advance, and the first-order EM algorithm that uses sample-splitting is
likely to be less efficient from a statistical standpoint. Indeed, in our theory, the sta-
tistical guarantees are typically weaker by a logarithmic factor in the total sample
size n.

Formally, given a total of n samples and T iterations, suppose that we divide
the full data set into 7" subsets of size |n/T |, and then perform the updates

(4.7) 0 = 0" +aV Q016" 9=t

where VQ |,/ denotes the Q-function computed using a fresh subset of [n/T ]
samples at each iteration. For a given sample size n and tolerance parameter § €
(0, 1), we let e (n, 8) be the smallest scalar such that, for any fixed 6 € B, (r; 6%),

(4.8) P[|VQn(016")lo=g: — VQ(016")lo=pt |, > e0(n, 8] <1 —6.

The quantity £¢ provides a bound that needs only to hold pointwise for each 6 €
B (r; 6%), as opposed to the quantity ¢ for which the bound (4.2) must hold
uniformly over all 6. Due to this difference, establishing bounds on £¢(n, §) can
be significantly easier than bounding 8‘(‘2“if(n, 3).

Our theory for the iterations (4.7) applies under the same conditions as Theo-
rem 1: namely, for some radius r > 0, and a triplet (y, A, u) suchthat 0 <y < A <
W, the gradient smoothness, concavity and smoothness properties (Conditions 1-3)
hold, and the stepsize is chosen as o = e

THEOREM 3. Suppose that, in addition to the conditions of Theorem 1, the
sample size n is large enough to ensure that

n

(4.92) sQ<7, ;) <A —yr
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Then with probability at least 1 — 8, given any initial vector 0° € Ba(r; 6*), the
sample-splitting first-order EM iterates satisfy the bound

2% —2p\! eo(n/T.8/T)
, ) ||90_9*”2+T'
Y

@9b) o' —6*|, < (1 _

See Appendix B.2 for the proof of this result. It has similar flavor to the guaran-
tee of Theorem 2, but requires a number of iterations 7" to be specified beforehand.
The optimal choice of T balances the two terms in the bound. As will be clearer
in the sequel, in typical cases the optimal choice of T will depend logarithmically
in £¢. Each iteration uses roughly n/logn samples, and the iterates converge to a
ball of correspondingly larger radius.

4.3. Finite-sample consequences for specific models. 'We now state some con-
sequences of Theorems 2 and 3 for the three models previously considered at the
population-level in Section 3.2.

4.3.1. Mixture of gaussians. We begin by analyzing the sample-based first-
order EM updates (4.1) for the Gaussian mixture model, as previously introduced
in Section 3.2.1, where we showed in Corollary 1 that the population iterates con-
verge geometrically given a lower bound on the signal-to-noise ratio @. In this
section, we provide an analogous guarantee for the sample-based updates, again
with a stepsize « = 1. See Appendix A for derivation of the specific form of the
first-order EM updates for this model.

o* 2
19702 as well

Our guarantee involves the function ¢(o; [|62) := [|6*]l2(1 + -

as positive universal constants (c, ¢y, ¢2).

COROLLARY 4 (Sample-based first-order EM guarantees for Gaussian mix-
ture). [In addition to the conditions of Corollary 1, suppose that the sample
size is lower bounded as n > c1dlog(1/8). Then given any initialization 0° €
Bz(%; 0*), there is a contraction coefficient k(1) < e~ such that the first-

order EM iterates {0’ Y2 satisfy the bound
d
6%],),/ 10g(1/6)

c
(410) [0 0%, <k'6° 6, + T g0
with probability at least 1 — 8.

REMARKS.

e We provide the proof of this result in Section 6.4.1, with some of the more tech-
nical aspects deferred to the Supplementary Material ([3], Appendix D). In the
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supplement ([3], Corollary 8) we also give guarantees for the EM updates with
sample-splitting, as described in equation (4.7) for the first-order EM algorithm.
These results have better dependence on ||6*||2 and o, but the sample size re-
quirement is greater by a logarithmic factor.

e It is worth comparing with a related result of Dasgupta and Schulman [16] on
estimating Gaussian mixture models. They show that when the SNR is suffi-
ciently high—scaling roughly as d'/*—then a modified EM algorithm, with
an intermediate pruning step, reaches a near-optimal solution in two iterations.
On one hand, the SNR condition in our corollary is significantly weaker, re-
quiring only that it is larger than a fixed constant independent of dimension
(as opposed to scaling with d), but their theory is developed for more general
k-mixtures.

e The bound (4.10) provides a rough guide of how many iterations are re-
quired in order to achieve an estimation error of order /d/n, corresponding
to the minimax rate. In particular, consider the smallest positive integer such
that

16° —6*l2(1—x) [n 1
(4-112) TZIOgl/K( 003 16*]2) \/@)

With this choice, we are guaranteed that the iterate 67 satisfies the bound

(I+c)p(o; 16"

(4.11b) HOT—G*Hzf |2)‘/glog(1/8)
11—« n

with probability at least 1 — §. To be fair, the iteration choice (4.11a) is not
computable based only on data, since it depends on unknown quantities such as
0* and the contraction coefficient k. However, as a rough guideline, it shows
that the number of iterations to be performed should grow logarithmically in the
ration/d.

e Corollary 4 makes a number of qualitative predictions that can be tested. To be-
gin, it predicts that the statistical error ||0" —60* ||, should decrease geometrically,
and then level off at a plateau. Figure 5 shows the results of simulations designed
to test this prediction: for dimension d = 10 and sample size n = 1000, we per-
formed 10 trials with the standard EM updates applied to Gaussian mixture
models with SNR @ = 2. In panel (a), the red curves plot the log statistical
error versus the iteration number, whereas the blue curves show the log opti-
mization error versus iteration. As can be seen by the red curves, the statistical
error decreases geometrically before leveling off at a plateau. On the other hand,
the optimization error decreases geometrically to numerical tolerance. Panel (b)
shows that the first-order EM updates have a qualitatively similar behavior for
this model, although the overall convergence rate appears to be slower.
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FIG. 5. Plots of the iteration number versus log optimization error log(||6! — §||2) and log sta-
tistical error log(||6" — 6*||2). (a) Results for the EM algorithmé. (b) Results for the first-order
EM algorithm. Each plot shows 10 different problem instances with dimension d = 10, sample size

¥
n = 1000 and signal-to-noise ratio @ = 2. The optimization error decays geometrically up to
numerical precision, whereas the statistical error decays geometrically before leveling off.

e In conjunction with Corollary 1, Corollary 4 also predicts that the convergence
rate should increase as the signal-to-noise ratio @ is increased. Figure 6
shows the results of simulations designed to test this prediction: again, for mix-
ture models with dimension d = 10 and sample size n = 1000, we applied the
standard EM updates to Gaussian mixture models with varying SNR @. For
each choice of SNR, we performed 10 trials, and plotted the log optimization
error log ||0" — o) |l> versus the iteration number. As expected, the convergence
rate is geometric (linear on this logarithmic scale), and the rate of convergence
increases as the SNR grows.’

4.3.2. Mixture of regressions. Recall the mixture of regressions (MOR) model
previously introduced in Section 3.2.2. In this section, we analyze the sample-
splitting first-order EM updates (4.7) for the MOR model. See Appendix A for a
derivation of the specific form of the updates for this model. Our result involves

the quantity ¢(o; [|0*]2) = /0% + ||6* ||%, along with positive universal constants
(c1, c2).

OIn this and subsequent figures, we show simulations for the standard (i.e., not sample-splitting)
versions of the EM and first-order EM algorithms.

"To be clear, Corollary 4 predicts geometric convergence of the statistical error |87 — 8% ||,
whereas these plots show the optimization error |87 — §||2. However, the analysis underlying Corol-
lary 4 can also be used to show geometric convergence of the optimization error.
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FIG. 6.  Plot of the iteration number versus the (log) optimization error log(||6! — §||2)8 for dif-

ferent values of the SNR @. For each SNR, we performed 10 independent trials of a Gaussian
mixture model with dimension d = 10 and sample size n = 1000. Larger values of SNR lead to faster
convergence rates, consistent with Corollaries 4 and 7.

COROLLARY 5 (Sample-splitting first-order EM guarantees for MOR). In ad-
dition to the conditions of Corollary 2, suppose that the sample size is lower
bounded as n > c1d 1og(T /§). Then there is a contraction coefficient k < 1/2 such
that, for any initial vector 6° € Bz(”%#; 0*), the sample-splitting first-order EM

iterates (4.7) with stepsize 1, based on n/T samples per step satisfy the bound

|d
6*|,) ETlog(T/S)

4.12) 0" —0*], <«"[6° — 6%, + c20(0;

with probability at least 1 — 6.

REMARKS.

e See Section 6.4.3 for the proof of this claim. As with Corollary 4, the
bound (4.12) again provides guidance on the number of iterations to per-
form: in particular, for a given sample size n, suppose we perform T =
[log(n /d(pz(a; [16*112))] iterations. The bound (4.12) then implies that

* C_Z 2 n
0 “2)\/ 108 <d¢2<a; ||9*||2)> log(1/9)

8The fixed point 6 is determined by running the algorithm to convergence up to machine precision.

@.13) |07 —0*|, < c39(0;
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FIG. 7. Plots of the iteration number versus log optimization error log(||6" — §||2) and log statis-
tical error log(||0! — 0% ||2) for mixture of regressions. (a) Results for the EM algorithm. (b) Results

for the first-order EM algorithm. Each plot shows 10 independent trials with d = 10, sample size

¥
n = 1000, and signal-to-noise ratio @ = 2. In both plots, the optimization error decays geomet-

rically while the statistical error decays geometrically before leveling off.

with probability at least 1 — §. Apart from the logarithmic penalty
logz(m), this guarantee matches the minimax rate for estimation of

a d-dimensional regression vector. We note that the logarithmic penalty can be
removed by instead analyzing the standard form of the first-order EM updates,
as we did for the Gaussian mixture model.

e As with Corollary 4, this corollary predicts that the statistical error |07 — 0*|,
should decrease geometrically, and then level off at a plateau. Figure 7 shows
the results of simulations designed to test this prediction: see the caption for the
details.

4.3.3. Linear regression with missing covariates. Recall the problem of linear
regression with missing covariates, as previously described in Section 3.2.3. In this
section, we analyze the sample-splitting version (4.7) version of the first-order EM
updates. See Appendix A for the derivation of the concrete form of these updates
for this specific model.

COROLLARY 6 (Sample-splitting first-order EM guarantees for missing covari-
ates). In addition to the conditions of Corollary 3, suppose that the sample size is
lower bounded as n > c1dlog(1/8). Then there is a contraction coefficient k < 1
such that, for any initial vector 8° € By(&20; 6%), the sample-splitting first-order
EM iterates (4.7) with stepsize 1, based on n/T samples per iteration satisfy the
bound

V1 +02

d
—T log(T/3)
11—« n

(4.14) |0 —6*|, <«"[6° — 6%, +
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FIG. 8.  Plots of the iteration number versus log optimization error log(||6" — §||2) and log statis-
tical error log(||0" — 0% ||5) for regression with missing covariates. (a) Results for the EM algorithm.

(b) Results for the first-order EM algorithm. Each plot shows 10 different problem instances of di-

mension d = 10, sample size n = 1000, signal-to-noise ratio @ = 2, and missing probability

p =0.2. In both plots, the optimization error decays geometrically while the statistical error decays
geometrically before leveling off.

with probability at least 1 — 6.

We prove this corollary in the Supplementary Material ([3], Appendix 6.4.3).
We note that the constant ¢; is a monotonic function of the parameters (§1, &>), but
does not otherwise depend on 7, d, o2 or other problem-dependent parameters.

REMARK. As with Corollary 9, this result provides guidance on the appro-
priate number of iterations to perform: in particular, if we set T = clogn for a
sufficiently large constant c, then the bound (4.14) implies that

ld
|67 —6*|, <V 1+02|=log*(n/8)
n

with probability at least 1 — §. This is illustrated in Figure 8. Modulo the logarith-
mic penalty in n, incurred due to the sample-splitting, this estimate achieves the

optimal \/g scaling of the £,-error.

5. Extension of results to the EM algorithm. In this section, we develop uni-
fied population and finite-sample results for the EM algorithm. Particularly, at the
population-level we show in Theorem 4 that a closely related condition to the GS
condition can be used to give a bound on the region and rate of convergence of the
EM algorithm. Our next main result shows how to leverage this population-level
result along with control on an appropriate empirical process in order to provide
nonasymptotic finite-sample guarantees.
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5.1. Analysis of the EM algorithm at the population level. We assume
throughout this section that the function g is A-strongly concave (but not necessar-
ily smooth). For any fixed 6, in order to relate the population EM updates to the
fixed point 8*, we require control on the two gradient mappings Vg (-) = VQ(-|6*)
and V Q(:|0). These mappings are central in characterizing the fixed point 6* and
the EM update. In order to compactly represent the EM update, we define the
operator M : Q2 — €,

(5.1) M(9) =arg§r,1a§2(Q(9/|0).

Using this notation, the EM algorithm given some initialization 6°, produces a
sequence of iterates {67}, where 0’1 = M (0").

By virtue of the self-consistency property (2.7) and the convexity of €2, the fixed
point satisfies the first-order optimality (KKT) condition

(5.2) (VO(6*16%),6' —6%) <0 forall6' € Q.

Similarly, for any 6 € €, since M(0) maximizes the function 60’ — Q(8'|0)
over €2, we have

(5.3) (VO(M(6)]6).6 —0)<0  forall 6’ € Q.

We note that for unconstrained problems, the terms V Q(6*|0*) and VQ(M(0)|0)
will be equal to zero, but we retain the forms of equations (5.2) and (5.3) to make
the analogy with the GS condition clearer.

Equations (5.2) and (5.3) are sets of inequalities that characterize the points
M(9) and 6*. Thus, at an intuitive level, in order to establish that p'+1 and 9*
are close, it suffices to verify that these two characterizations are close in a suit-
able sense. We also note that inequalities similar to the condition (5.3) are often
used as a starting point in the classical analysis of M-estimators (e.g., see van de
Geer [45]). In the analysis of EM, we obtain additional leverage from the condi-
tion (5.2) that characterizes 6*.

With this intuition in mind, we introduce the following regularity condition in
order to relate conditions (5.3) and (5.2): The condition involves a Euclidean ball
of radius r around the fixed point 6*, given by

(5.4) By (r; 0%) := {6 € Q|60 — 6%, <r}.

DEFINITION 4 [First-order stability (FOS)]. The functions {Q(:]6), 6 € 2}
satisfy condition FOS(y) over B, (r; 6*) if

55) IVOM®)167) - VoM© )], < ylo - 0%,
| for all 6 € By(r; 6%).
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To provide some high-level intuition, observe the condition (5.5) is always sat-
isfied at the fixed point 8*, in particular with parameter y = 0. Intuitively then, by
allowing for a strictly positive parameter y, one might expect that this condition
would hold in a local neighborhood B, (r; 6*) of the fixed point 8%, as long as the
functions Q(-16) and the map M are sufficiently regular. As before with the GS
condition, we show in the sequel that every point around 6* for which the FOS
condition holds (with an appropriate y) is in the region of attraction of 6*—the
population EM update produces an iterate closer to 6* than the original point.

Formally, under the conditions we have introduced, the following result guaran-
tees that the population EM operator is locally contractive.

THEOREM 4. For some radius v > 0 and pair (y,A) such that 0 <y < A,
suppose that the function Q(-|60*) is globally A-strongly concave (3.2), and that
the FOS(y) condition (5.5) holds on the ball By (r; 6*). Then the population EM
operator M is contractive over By (r; 60%), in particular with

|M@©) — 0%, < %”9 — 0%,  forall & € By(r: 6%).

The proof is a consequence of the KKT conditions from equations (5.2)
and (5.3), along with consequences of the strong concavity of Q(-|6*). We defer a
detailed proof to Appendix B.1.

REMARKS. As an immediate consequence, under the conditions of the the-
orem, for any initial point 8% € B,(r; 6*), the population EM sequence {6’ oy
exhibits linear convergence, namely

t
(5.6) lo' — 0%, < G) |6°—6%|, forallr=1,2,....

5.2. Finite-sample analysis for the EM algorithm. We now turn to theoretical
results on the sample-based version of the EM algorithm. More specifically, we
define the sample-based operator M, : Q2 — €,

(5.7) M, (0) = argmax 0, (¢'16).

where the sample-based Q-function was defined previously in equation (2.1).
Analogous to the situation with the first-order EM algorithm we also consider a
sample-splitting version of the EM algorithm, in which given a total of n samples
and T iterations, we divide the full data set into 7" subsets of size |n/T |, and then
perform the updates 0’ *! = M, y7(0"), using a fresh subset of samples at each
iteration.

For a given sample size n and tolerance parameter § € (0, 1), we let £57(n, §) be
the smallest scalar such that, for any fixed 0 € B, (r; 6*), we have

(5.8) | M (0) — M), < em(n,d)
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with probability at least 1 — 8. This tolerance parameter (5.8) enters our analysis
of the sample-splitting form of EM. On the other hand, in order to analyze the
standard sample-based form of EM, we require a stronger condition, namely one
in which the bound (5.8) holds uniformly over the ball B, (r; 6*). Accordingly, we
let 8““” (n, 8) be the smallest scalar for which

(5.9) sup || M, () — M(8)|, < eiritn, 8)
0eBy(r;0%)

with probability at least 1 — §. With these definitions, we have the following guar-
antees.

THEOREM 5. Suppose that the population EM operator M : Q — 2 is con-
tractive with parameter k € (0, 1) on the ball B,(r; 0*), and the initial vector 00
belongs to By (r; 6*).

(a) If the sample size n is large enough to ensure that
(5.10a) ei(n, 8) < (1 —io)r,
then the EM iterates {0"}7° ) satisfy the bound

(5.10b) |67 — 6%, <«"(6° — 6%, + umf( 5

with probability at least 1 — 8.
(b) For a given iteration number T, suppose the sample size n is large enough
to ensure that

5.11 LR W
(5.11a) 8M<T T)_( —K)r.

Then the sample-splitting EM iterates {0’ }tho based on 7 samples per round sat-
isfy the bound

1 n é
(5.11b) ||9’—9*||2§/<’||00—0*||2+1 eM(T T)

We provide a detailed proof of this Theorem in Appendix B.

REMARKS. In order to obtain readily interpretable bounds for specific mod-
els, it only remains to establish the «-contractivity of the population operator, and
to compute either the function g, or the function s“mf In the Supplementary Ma-
terial, we revisit each of the three examples con51dered in this paper, and provide
population and finite-sample guarantees for the EM algorithm.

6. Proofs. In this section, we provide proofs of some of our previously stated
results, beginning with Theorems 1 and 2, followed by the proofs of Corollaries 1
through 3.
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6.1. Proof of Theorem 1. This proof relies on a classical result that ensures lin-
ear convergence of gradient ascent when applied to a smooth and strongly concave
function (see, e.g., [7, 8, 35]).

LEMMA 1. For a function q with the A-strong concavity and pu-smoothness
properties (Conditions 2 and 3), the oracle iterates (2.9) with stepsize a = ﬁ
are linearly convergent:

mw—A
©.1) 16" + V(@) o—pr — 6%, < (m)”ef — 6%,

Taking this result as given, we can now prove the theorem. By definition of the
first-order EM update (2.6), we have
16" +aVQ(010")lg=g: — 0%,
= 160"+ aVg@lo—sr — VGO lomg: + @V Q(010")lg—sr — 6%

(i)
<6 +aVg@)lo—g: — 0" |, +«|Vqg©)lo=sr — VQ(016")lo=o |,

(11)
2 (B )l = e +avle —erl,

where step (i) follows from the triangle inequality, and step (ii) uses Lemma 1 and

.. S _ 2
condition GS. Substituting o = Ewy

and performing some algebra yields the claim.

6.2. Proof of Theorem 2. With probability at least 1 — § we have that for any
0% e By(r; 6%),

(6.2) |V 0u(016°)lo=0s — VQ(016*)lo=ps |, < e (n, 8).

We perform the remainder of our analysis under this event.

. _ 202y~
Defining « = (1 — = i ), it suffices to show that

(6.3) HQS_H _Q*HZ§K||(9S—9*“2+a8umf(n 5).
. for each iteration s € {0, 1,2, ...}.

Indeed, when this bound holds, we may iterate it to show that
[6" — 6%, <xc|6'" — 0%, + ae§ (. 6)

<klk0' 2= 0%, + el (n,8)} + acy(n, )
l_

<«'6° - 6%, + {ZK‘V }(xeumf(n 8)
s=0

Ol
SKZ‘H@O 9*“2 — ul’llf(n 8)

where the final step follows by summing the geometric series.
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It remains to prove the claim (6.3), and we do so via induction on the iteration
number. Beginning with s = 0, we have

[0 = 6%, = [6° +aV 0u(016°)l5—g0 — 0%,
@)
< [6° +avQ(016°)l9_g0 — 6*|,

+a[[VQ(616°)lg—g0 — V0 (616°)ly—po |
Q60— 0], + aelit(n, 5).
where step (i) follows by triangle inequality, whereas step (ii) follows from the
bound (6.2), and the contractivity of the population operator applied to 6° e
B, (r; 6*), that is, Theorem 1. By our initialization condition and the assumed
bound (4.3), note that we are guaranteed that 161 — 6%, <r.

In the induction from s — s + 1, suppose that ||0° — 0*|l» < r, and the
bound (6.3) holds at iteration s. The same argument then implies that the
bound (6.3) also holds for iteration s + 1, and that ||9*T! — 6*||, < r, thus com-
pleting the proof.

6.3. Proofs of population-based corollaries for first-order EM. In this section,
we prove Corollaries 1-3 on the behavior of first-order EM at the population level
for concrete models.

6.3.1. Proof of Corollary 1. We note at this point, and for subsequent exam-
ples that scaling the family of Q functions by a fixed constant does not affect any
of our conditions and their consequences. Particularly, in various examples, we
will re-scale Q functions by constants such as 2. In order to apply Theorem 1,
we need to verify the A-concavity (3.2) and pu-smoothness (3.3) conditions, and the
GS(y) condition (3.1) over the ball B, (r; 6*). The first-order EM update is given
in Appendix A. In this example, the g-function takes the form

q(0) = Q(016") = —3E[we+ (Y — 0113 + (1 — we= M) IIY +013],
where the weighting function is given by

exp(— 16 — yII3/(20°))
exp(—[16 — yII3/(202)) + exp(—[l6 + y[13/(202))
The g-function is smooth and strongly-concave with parameters 1.

It remains to verify the GS(y) condition (3.1). The main technical effort, de-
ferred to the appendices, is in showing the following central lemma.

wy(y) :=

LEMMA 2. Under the conditions of Corollary 1, there is a constant y € (0, 1)
with y < exp(—can?) such that

(6.4) IE[2A,(MY]], <y |6 —6*
where Ay () :=wq(y) — wegx(y).

29
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The proof of this result crucially exploits the generative model, as well as the
smoothness of the weighting function, in order to establish that the GS condition
holds over a relatively large region around the population global optima (6* and
—6%*). Intuitively, the generative model allows us to argue that with large proba-
bility the weighting function wy(y) and the weighting function weg+(y) are quite
close, even when 6 and 6* are relatively far, so that in expectation the GS condition
is satisfied.

Taking this result as given for the moment, let us now verify the GS condi-
tion (3.1). An inspection of the updates in equation (A.3), along with the claimed
smoothness and strong-concavity parameters lead to the conclusion that it suffices
to show that

[E22wMY]], <6 =67,

This follows immediately from Lemma 2. Thus, the GS condition holds when
y < 1. The bound on the contraction parameter follows from the fact that y <
exp(—can?) and applying Theorem 1 yields Corollary 1.

6.3.2. Proof of Corollary 2. Once again we need to verify the A-strong con-
cavity (3.2) and p-smoothness (3.3) conditions, and the GS(y) condition (3.1) over
the ball By (r; 6*). In this example, the g-function takes the form:

q6) = 0(616)
2 2
1= — 3 E[we (X, Y)(Y — (X, 0))" + (1 — we= (X, V)) (Y + (X,0))7],
exp(=(y—(x,0))*/(20°))
exp(—(y—(x,0))%/(202))+exp(—(y+(x.0))?/(202)) "
tion Q(-]6*) is A-strongly concave and p-smooth with A and u equal to the small-
est and largest (resp.) eigenvalue of the matrix E[X X T1. Since E[XXT1=1 by
assumption, we see that strong concavity and smoothness hold with A = p = 1.
It remains to verify condition GS. Define the difference function A, (X, Y) :=

wy (X, Y) — wp=(X,Y), and the difference vector A = 6 — 6*. Using the updates
given in Appendix A in equation (A.6a), we need to show that

2E[Aw(X, V)Y X]|, < [IA]l2.

Observe that func-

where wg (x, y) 1=

Fix any A eR4 \ {0}. It suffices for us to show that
(2E[A, (X, V)Y X], A) < [|Al2] Al

Note that we can write Y < 2Z — 1){X,0*) + v, where Z ~ Ber(1/2) is a
Bernoulli variable, and v ~ N (0, 1). Using this notation, it is sufficient to show

E[Ay(X, Y)2Z — D(X,0*)(X, A)] + E[An(X, V)v(X, A)]

(6.5) -
< vIIAl2lIAll2
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for y € [0,1/2) in order to establish contractivity. In order to prove the theo-
rem with the desired upper bound on the coefficient of contraction we need to
show (6.5) with y € [0, 1/4). Once again, the main technical effort is in establish-
ing the following lemma which provides control on the two terms.

LEMMA 3. Under the conditions of Corollary 2, there is a constant y < 1/4
such that for any fixed vector A we have

6.62)  [E[Aw(X,Y)2Z — DX, 6%)(X, X)]| < gIIAHzIIZIIz and
(6.6b) IE[Aw(X. Y)v(X, A)]| < guAnanuz.

In conjunction, these bounds imply that (E[A, (X, Y)Y X], A) < y|Al2lIA |l
with y € [0, 1/4), as claimed.

6.3.3. Proof of Corollary 3. We need to verify the conditions of Theorem 1,
namely that the function g is p-smooth, A-strongly concave and that the GS con-
dition is satisfied. In this case, ¢ is a quadratic of the form

q(0) = (0, E[Zo+(Xobs, ¥)]0) — (E[Y 126+ (Xobs, ¥)]., ).

where the vector 1o+ € R? and matrix g+ are defined formally in the Appendix
[see equations (A.7a) and (A.7c), resp.]. Here, the expectation is over both the
patterns of missingness and the random (Xqpg, Y).

Smoothness and strong concavity. Note that g is a quadratic function with Hes-
sian qu (0) = E[Zg+(Xobs, Y)]. Let us fix a pattern of missingness, and then av-
erage over (Xops, ¥'). Recalling the matrix U+ from equation (A.7b), we find that
a simple calculation yields

I
I Up+ I 0
[I ec;kbs]UG']:k 1

showing that the expectation does not depend on the pattern of missingness. Conse-
quently, the quadratic function ¢ has an identity Hessian, showing that smoothness
and strong concavity hold with u = A = 1.

Condition GS. We need to prove the existence of a scalar y € [0, 1) such that
IE[V]ll2 < yl6 — 6%| 2, where the vector V = V (6, 6%) is given by

V i= Xgx(Xobs, Y)0 — Y g (Xobs, ¥) — Zg (Xobs, ¥)O
(6.7)
+ Y g (Xobs, Y).
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For a fixed pattern of missingness, we can compute the expectation over (Xopg, ¥)
in closed form. Supposing that the first block is missing, we have

Omis — 0%..) + 716 }
68 ]E V — ( mis mis mis ,
( ) XObSaY[ ] |: 7_[2 (00[)g e*bs)

”9:“5”2_Hemis||%+”‘90bs 02113 (10umis |13 )
where 71 : 6o 402 and mp = 12407 B2t We claim that these
scalars can be bounded, independently of the missingness pattern, as
(69) m <2(& +"§2)w and 7 <§:= ! s <1

o 14+ (1/G1+82)

Taking these bounds (6.9) as given for the moment, we can then average over
the missing pattern. Since each coordinate is missing independently with proba-
bility p, the expectation of the ith coordinate is at most [E[V]|; < |p|6; — 67| +
pm16;] 4+ (1 — p)m2|6; — 6||. Thus, defining n := (1 — p)d + p < 1, we have

IE(VI]3 < n?[6 = 6*[3 + p*x 1013 + 27inp] (6, 0 — 6%)
2 (%‘1-1-52)2 477/0||9||2(§1+$2)}“9_9* 2
O’

2

< [+ 1013

(o2

},2

where we have used our upper bound (6.9) on ;. We need to ensure that y < 1.
By assumption, we have [|6*||» < &0 and || — 6> < &0, and hence |02 <
(&1 + &)o . Thus, the coefficient y2 is upper bounded as

y2<n?+4p%¢E + 6) +4noE + £)°.

Under the stated conditions of the corollary, we have y < 1, thereby completing
the proof.

It remains to prove the bounds (6.9). By our assumptions, we have ||Opis|l2 —
105112 < [6mis — 0112, and moreover

(6.10) 10misll2 < [|6is |, + 620 < (61 + &2)0.
As consequence, we have
1635512 = NEmisl13 = (W6mis 2 = |63isl12) (1mis 12 + 167 1)
< (281 + £2)0 || Omis — Onis |-

Since ||6ohs — Obs||2 < &0 (6obs — O35 1I2, the stated bound on 7y follows.
On the other hand, we have

o 16misl3 1 0 1
10misll3 + 02 1+ 02/10mislZ ~— 14+ (1/(E1 + £2))?
)

<1,

where step (i) follows from (6.10).
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6.4. Proofs of sample-based corollaries for first-order EM. This section is de-
voted to proofs of Corollaries 4 through 6 on the behavior of the first-order EM
algorithm in the finite sample setting.

6.4.1. Proof of Corollary 4. 1In order to prove this result, it suffices to bound
the quantity sumf(n 8) defined in equation (4.2). Utilizing the updates defined in

equation (A.3), and defining the set A := {0 € RA|||6 — 0% < 16*|12/4}, we need
to control the random variable

{li(zwg(yi) — 1)y —9} — a[2E[wp (V)Y] — 0]

i3

Z :=sup
feA

2

In order to establish the Corollary it suffices to show that for sufficiently large
universal constants cq, co we have that, for n > c;d log(1/$)

Z<02||9*||2(||9*||%+02) [dlog(1/6)
- o2 n

with probability at least 1 — 3.
For each unit-norm vector u € R?, define the random variable

n
Zy = sup l2(2109(%) — 1){yi, u) = EQuwe (Y) — 1)(Y, u)}-
veA | ;5
Recalling that we choose o = 1, we note that Z = sup,, . (jgd Zy. We begin by reduc-
ing our problem to a finite maximum over the sphere S?. Let {u', u™} denote
a 1/2-covering of the sphere S¢ = {ve R4|||lv]l» = 1}. For any v € Sd there is
some index j € [M] such that ||[v — ully < 1/2, and hence we can write

Zy<Zy+1Zy—2Z,1<max Z,; + Z|
JEIM]

where the final step uses the fact that |Z, — Z,| < Z|lu — v||» for any pair (u, v).
Putting together the pieces we conclude that

(6.11) =sup Z, <2 max Z,,
veSd Jje€lM]

Consequently, it suffices to bound the random variable Z,, for a fixed u € S?. Let-
ting {¢;}"_, denote an i.i.d. sequence of Rademacher variables, for any A > 0, we
have

E[e)\.zu] <E|:exp(%2ugzgl 2w9(y1)_ ])<yl’ >)i|’
A =1

using a standard symmetrization result for empirical processes (e.g., [23, 24]).
Now observe that for any triplet of d-vectors y, & and #’, we have the Lipschitz

property

2wy (y) — 2w (y)] < |t9 y) =10, y)|-
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Consequently, by the Ledoux—Talagrand contraction for Rademacher processes
[23, 24], we have

2
E|:exp<— supzel 2we (yi) — 1) {yi, u ))]

n@GAl 1

<IE':|:3XP(i Sungl 0, yi)(yi.u ))j|

0eh;_q

Since any 6 € A satisfies || < le@*llz, we have

1 n

T

ol =D eiviv;
3

where || - [lop denotes the £>-operator norm of a matrix (maximum singular value).

sup — Zez (6. yi)(yi.u)

feA Nl op

Repeating the same discretization argument over {u!, ..., u™}, we find that
an:e-y-y.T <2 max 1&:8-@- uj>2
n - iVi)i =% jeMin 4 i\Jis .
i=1 op i=1

Putting together the pieces, we conclude that

10A1160% 12

1 & .

E )LZu <E _ . . 12
(%] < [p( 1" jrg%n;&(yl,u)ﬂ
M n

10A]|6*]]2 1 .
< 3 ewp( {20 LY ) |

o i=1

(6.12)

Now by assumption, the random vectors {y;}; ; are generated i.i.d. according
to the model y = n6* 4+ w, where n is a Rademacher sign variable, and w ~
N(0, 51). Consequently, for any u € R?, we have

E[e“ "] = E[e"“ ) |E[™ )] < 07 13+0%)/2.
showing that the vectors y; are sub-Gaussian with parameter at most y =

J16* II% + 2. Therefore, &; (y;, u)? is zero mean sub-exponential, and has moment

generating function bounded as E[e!® i ’”>2] < e?* /2 for all t > 0 sufficiently
small. Combined with our earlier inequality (6.12), we conclude that

22 10% 13y 22 10% 13y

]E[e)‘z"] < Mec no# < ec no +2d

for all A sufficiently small. Combined with our first discretization (6.11), we have
thus shown that

AZ o* 2.4
S L 00y
]E[ 2 ] < Me no <e

21p%2.,4

A 16* 15y
c————+4d
no .
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Combined with the Chernoff approach, this bound on the MGF implies that, as
long as n > c1d log(1/4) for a sufficiently large constant cj, we have

, - C2ll0*l2y? [dlog(1/8)
- o2 n

with probability at least 1 — § as desired.

6.4.2. Proof of Corollary 5. As before, it suffices to find a suitable upper
bound on the £ (n, §) from equation (4.8). Based on the specific form of the first-
order EM updates for this model [see equation (A.6a) in Appendix A], we need to
control the random variable

Z =

a[%i(ng(yi) )y — 9] — o[2E[we(Y)Y] - 0]

i=1

2

We claim that there are universal constants (c1, ¢3) such that given a sample size
n > cidlog(1/68), we have

* *112 2
IP’[Z> 210 ||2(||92 5+07) /dlog(l/(s)] <s.
o2 n

Given our choice of stepsize @ = 1, we have

n

1
Z< - > Qwg(xi, yi) — 1) yixi — EQwp(X,Y) — 1)YX
i=1 2
1 n T
+ 11— =Y xix || 1612
n i=1 op

Now define the matrices 3 := % Z?:l x,-xl-T and ¥ =E[XXT] =1, as well as the
vector

n

1
v:i=—) [noCri, yyixi] and vi=E[ue(X, NYX],

i=1
where g (x, y) :=2wp(x, y) — 1. Noting that E[Y X] = 0, we have the bound

(6.13) Z< 9= vl +[IT = T, l10 12
&‘/_-/

Ty T

We bound each of the terms 7' and 75 in turn.
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Bounding Ti. Let us write ||V — v||2 = sup,cse Z(u), where

Z(u) = Zm}cl,y,)ymx u) —E[ua (X, Y)Y (X, u)].
i=1

By a discretization argument over a 1/2-cover of the sphere SY—say {u', uMy,

we have the upper bound ||V — vz < 2maxem a] Z(u’). Thus, it suffices to con-
trol the random variable Z(u) for a fixed u € S*. By a standard symmetrization
argument [46], we have

P[Z(u) > 1] < ZIP’[ Zezue(xl, yi)yi(xi, u) > t/2},

i=1
where {g;}7_ 1 are an i.i.d. sequence of Rademacher variables. Let us now define
the event £ { Yo (i u u)? < 2}. Since each variable (x;, u) is sub-Gaussian with

parameter one, standard tail bounds imply that P[£€] < e™"/32. Therefore, we can
write

l n
P[Z(u) >t] < 21?’[_ > eime(xi, yi)yi(xi,u) > t/2‘5} +2¢7/32,
i=1

As for the remaining term, we have

2\
E|:6XP< Z‘glu“g(-xl?yl)yl<xl’ ))}5:|<E|:CXP< Z&yl (xi,u )’5i|

i=1 i=1

where we have applied the Ledoux—Talagrand contraction for Rademacher pro-
cesses [23, 24], using the fact that |ug(x, y)| <1 for all pairs (x, y). Now condi-
tioned on x;, the random variable y; is zero-mean and sub-Gaussian with parame-

ter at most /||6* ||% + 2. Consequently, taking expectations over the distribution
(vi|x;) for each index i, we find that

|:exp< Zs,y, (xi 1 )‘:|§|:exp<4n—);2(H9*H§+az)an;x,, )H

812
<exp(=-(j6" 13+,

where the final inequality uses the definition of £. Using this bound on the
moment-generating function, we find that

nt?
0 Pxi u) >1/21E | < - :
[ ;e,ue(x Yi)yi{xi, u) /‘ } eXp( 256(||9*||§+02))

Since the 1/2-cover of the unit sphere S¢ has at most 2¢ elements, we conclude

that there is a universal constant ¢ such that 7 < c\/||t9* ||% + 02\/;—’ log(1/§) with
probability at least 1 — 8.
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Bounding T,. Since n > d by assumption, standard results in random ma-

trix theory [47] imply that e - Zllop < ¢/ 5 d log(1/8) with probability at least
1 — 5. On the other hand, observe that ||0||2 < 2||6*]l2, since with the chosen
stepsize, each iteration decreases the distance to 6* and our initial iterate satis-
fies ||0]l2 < 2|0*||2. Combining the pieces, we see that T < c||9*||2\/%log(1/8)
with probability at least 1 — §.

Finally, substituting our bounds on 77 and 73 into the decomposition (6.13)
yields the claim.

6.4.3. Proof of Corollary 6. We need to upper bound the deviation function
eo(n, §) previously defined (4.8). For any fixed 6 € By(r; %) = {0 € R4||16 —
0*|l2 < &0}, we need to upper bound the random variable,

n

1
7 = H ; Z[yi,ug (Xobs,i»> Yi) — 2o (Xobs,i yi)e]
i=1

- E[YMO(XobSa Y) — Xo(Xobs, Y)@]

2

with high probability. We define: T1 := [|[[EXg(xobs, ¥)0 — = f’:] 26 (Xobs, i s
yi)0]ll2, and

Ib) —'H: yﬂ@(xobSay) _;Zyt,ue(xobsnyt):|

i=1 2

For convenience, we let z; € R be a {0, 1}-valued indicator vector, with ones in
the positions of observed covariates. For ease of notation, we frequently use the
abbreviations Xy and (g when the arguments are understood. We use the notation
O to denote the element-wise product.

Controlling Ty. Define the matrices

_ ~ 10"
2= E[Eé(xobs, y)] and X = ; Z 2 (xobs,i, Vi).
i=1

With this notation, we have T; < || — ) llopl1€1l2 < s — §|||0p($1 +&5)o, where
the second step follows since any vector 6 € B, (r; 6*) has £>-norm bounded as
10112 < (&1 + &2)o. We claim that for any fixed vector u € S4, the random variable
u, (X — i)u) is zero-mean and sub-exponential. When this tail condition holds
and n > d, standard arguments in random matrix theory [47] ensure that || —

E|||Op < c,/— log(1/8) with probability at least 1 — 6.
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It is clear that (u, (X — i)u) has zero mean. It remains to prove that (i, (¥ —
Y)u) is sub-exponential. Note that X is a rescaled sum of rank one matrices, each
of the form

59 (Xobs» ¥) = Imis + topd — (1= 2) © 110) (1 — 2) © g) ",

where Injs denotes the identity matrix on the diagonal sub-block correspond-
ing to the missing entries. The square of any sub-Gaussian random variable has
sub-exponential tails. Thus, it suffices to show that each of the random variables
(g, u), and {(1 — z) ® g, u) are sub-Gaussian. The random vector z ® x has
i.i.d. sub-Gaussian components with parameter at most 1 and |ju|» = 1, so that
(z ® x, u) is sub-Gaussian with parameter at most 1. It remains to verify that pg is
sub-Gaussian, a fact that we state for future reference as a lemma.

LEMMA 4. Under the conditions of Corollary 3, the random vector
o (Xobs, ¥) is sub-Gaussian with a constant parameter.

PROOF. Introducing the shorthand w = (1 — z) ® 6, we have

o (Xobs, ) =2 O x + [y —(z06,z0x)]w.

2
o2+ llwl;

Moreover, since y = (x, 0*) + v, we have

(x,a))(a),u) (-xaG*_0><a)vu> U<(l),1/l>
{10 (xops, ¥), u) = (z O x, u) + = p > P 2 2
— ot lwlly o+ lwli3 o+ llwllz
1
B> B3 By

It suffices to show that each of the variables {B j}jle is sub-Gaussian with a con-
stant parameter. As discussed previously, the variable B is sub-Gaussian with
parameter at most one. On the other hand, note that x and w are independent.
Moreover, with o fixed, the variable (x, w) is sub-Gaussian with parameter ||a)||%,
whence

2 2
E[e)“Bz] < eXP<)‘2M> < 612/2’
2(02 4+ |lwl15)?

where the final inequality uses the fact that (w, u)? < ||a)||%. We have thus shown
that B, is sub-Gaussian with parameter one. Since [|0 — 0*|; < &0, the same
argument shows that B3 is sub-Gaussian with parameter at most &;. Since v is sub-
Gaussian with parameter o and independent of w, the same argument shows that
By is sub-Gaussian with parameter at most one, thereby completing the proof of
the lemma. [
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Controlling T,. We now turn to the second term. Note the variational repre-
sentation

1 n
Ty = sup |E[y(uo(xobs; ), u)] — p D vilpo (Kabs.i» vi). u)|-
lull2=1 i=1
By a discretization argument—say with a 1/2 cover {u!,...,u™} of the sphere

with M < 29 elements, we obtain

A 12 .
T> <2 max |E[y(ue (xobs, ). 17 )] = = > vi{pe (xobs.i» i), u’)|.
JE[M] ni—
Each term in this maximum is the product of two zero-mean variables, namely
y and (g, u). On one hand, the variable y is sub-Gaussian with parameter at

most ,/ ||9*||§ + 02 < co; on the other hand, Lemma 4 guarantees that (ug, u)
is sub-Gaussian with constant parameter. The product of any two sub-Gaussian
variables is sub-exponential, and thus, by standard sub-exponential tail bounds [9],

we have P[T> > t] <2M exp(—cmin{\/%, #’;}). Since M <29 and n > ¢1d,
+o

we conclude that 7> < cv/1 + 02,/ % log(1/8) with probability at least 1 — 8.
Combining our bounds on 77 and T3, we conclude that g (n,6) < cv/ 1 + 02 x

\/ % log(1/8) with probability at least 1 — &. Thus, we see that Corollary 6 follows
from Theorem 2.

7. Discussion. In this paper, we have provided some general techniques for
studying the EM and first-order EM algorithms, at both the population and finite-
sample levels. Although this paper focuses on these specific algorithms, we expect
that the techniques could be useful in understanding the convergence behavior of
other algorithms for potentially nonconvex problems.

The analysis of this paper can be extended in various directions. For instance, in
the three concrete models that we treated, we assumed that the model was correctly
specified, and that the samples were drawn in an i.i.d. manner, both conditions that
may be violated in statistical practice. Maximum likelihood estimation is known
to have various robustness properties under model mis-specification. Developing
an understanding of the EM algorithm in this setting is an important open prob-
lem.

Finally, we note that in concrete examples our analysis guarantees good behav-
ior of the EM and first-order EM algorithms when they are given suitable initial-
ization. For the three model classes treated in this paper, simple pilot estimators
can be used to obtain such initializations—in particular using PCA for Gaussian
mixtures and mixtures of regressions (e.g., [53]), and the plug-in principle for re-
gression with missing data (e.g., [22, 52]). These estimators can be seen as par-
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ticular instantiations of the method of moments [38]. Although still an active area
of research, a line of recent work (e.g., [1, 2, 13, 21]) has demonstrated the util-
ity of moment-based estimators or initializations for other types of latent variable
models, and it would be interesting to analyze the behavior of EM for such mod-
els.
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SUPPLEMENTARY MATERIAL

Supplement to “Statistical guarantees for the EM algorithm: From popu-
lation to sample-based analysis” (DOI: 10.1214/16-A0S1435SUPP; .pdf). The
supplement [3] contains all remaining technical proofs omitted from the main text
due to space constraints.
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APPENDIX A: EM AND FIRST-ORDER EM UPDATES FOR EXAMPLES

In this appendix, we derive the precise forms of the EM and first-order EM updates at both
the population and finite-sample level for the three examples we consider. In Section A.4, we
prove the claim (3.4).

A.1. Mixture of Gaussians. Suppose that we are given n i.i.d. samples {y;}} ; drawn
from the mixture density (3.6). The complete data {(y;,z;)}|~, corresponds to the original
samples along with the component indicator variables z; € {0,1}. The sample-based function
@, takes the form

(A1) Qn(0]0) = —% Z [wo (yi)llyi — 0'13 + (1 — wo(y:))lly: + ¢'113],

eyl ¢ le—yl3 _lo+ul3 -
where wy(y) := e~ 202 [e 202 +e 202}

EM updates:. This example is especially simple in that each iteration of the EM algorithm
has a closed form solution, given by

(A.2a) gttt .— = arg Inax Qn( 9’|0t = Zwet Yi)Yi — — Zyz

Iterations of the population EM algorithm are specified analogously
(A.2b) 0" = 2E [wy: (Y)Y,

where the empirical expectation has been replaced by expectation under the mixture distri-
bution (3.6).

First-order EM updates:. On the other hand, the sample-based and population first-order
EM operators with step size a > 0 are given by

1 n
(A.3) 0 =0 + o {E ;(mﬁ (yi) — Dy; — et}, and 0" = 0" + o[ 2E[wy (Y)Y ] — 67],

respectively.

36



A.2. Mixture of regressions.

EM updates:. Define the weight function

—(y—(,0))*
exp ( )
(A.4da) wy(z,y) = — 20" " .
exp ( (y 2572,0>)2) +exp ( (y§§2,9>)2)

In terms of this notation, the sample EM update is based on maximizing the function
(A4D)  Qu(@'l9) = — - Z (o, ) (i = (i )% + (1= wo(wi, ) (9 + (i 0))?).

Again, there is a closed form solution to this maximization problem: more precisely,
(A.5a) o+t = (sz ) (Z(ngz (3, yi) — 1)yza:2>

i=1
Similarly, by an easy calculation, we find that the population EM iterations have the form
(A.5b) 0" = 2B [wy: (X, Y)Y X],
where the expectation is taken over the joint distribution of the pair (Y, X) € R x R4,
First-order EM updates:. On the other hand, the first-order EM operators are given by

1 n
t+1 __ pt - C ) P
(A.6a) 0 =0" + a{n ;_1 [(2w9t(xz,yz) yx; — xiz; 0 ] }, and
(A.6Db) 0 =0 + o [2w9t (X,Y)YX — et] :

where o > 0 is a step size parameter.

A.3. Linear regression with missing covariates. In this example, the E-step involves
imputing the mean and covariance of the jointly Gaussian distribution of covariate-response
pairs. For a given sample (x,y), let xops denote the observed portion of x, and let 6,5 denote
the corresponding sub-vector of #. Define the missing portions xmis and fnis in an analogous
fashion. With this notation, the EM algorithm imputes the conditional mean and conditional
covariance using the current parameter estimate 6. Using properties of joint Gaussians, the

conditional mean of X given (zops,y) is found to be

(A.7a) 1o (Zobs, y) = {E(“‘mismobs,yﬁ)] _ |:U920bs:| ’
Tobs Zobs
where
1 o
A.7b U= — *emis QT emis d (= obs R‘mobs|+1.
A " sl + 0 [ obs Omis] - and - zcp [ Y ] €

Similarly, the conditional second moment matrix takes the form

I ngobsmobs]

A.7c S0 (Tobs, izE[XXT Tobs, ’9}:[
( ) 9( obs y) ‘ obs; Y .CCObSZngUgT $0bsxz;bs
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In writing all these expressions, we have assumed that the coordinates are permuted so that
the missing values are in the first block.

We now have the necessary notation in place to describe the EM and first-order EM updates.
For a given parameter 6, the EM update is based on maximizing

1 o 1 o
(A.8) Qu(010) == — 5 D> (0", So(wabsi,yi)0') + — > yilpso(zobs.ir ). 0')-
i=1 i=1
The sample-based EM iterations are given as
n 1 n
(A.9a) gt = [Z Eot (Tobs,is yi)} [Z Yikot (Tobs,is yi)},
i=1 i=1
accompanied by its population counterpart
-1
(A.9b) 0 = {E[Sg (Xobs, )]} E[Y gt (Xows, Y)].

On the other hand, the first-order EM algorithm with step size a performs the following
iterations:

1 n
(A.10a) o+t =o' + Oé{; Z [Yittor (Tobs,is Yi) — St (Tobs,i» ¥i)0'] }7
=1

along with the population counterpart
(A'10b> 0t =o' +akE [Y,ub?t (X0b87 Y) — Yt (X0b87 Y)et] :

A.4. Proof of the claim (3.4). From the strong-concavity of ¢, it is straightforward to
verify that
IVa(0)I3 = 2?16 — 673

This inequality together with the gradient smoothness condition (3.1) yields

S (IVQEIIZ + 1Va(6) 13 — IVQ(816) ~ Va(6)]3)

1 2 N2 A2 _0*)12
5 (3210 = 0713 = 4210 — 013

>0,

(VQ(010), Vq(0))

Y

where the final inequality is strict whenever 0 # 6*.

APPENDIX B: RESULTS FOR THE EM ALGORITHM

In this section, we revisit the examples introduced previously, and develop guarantees for
the EM algorithm applied to them.

COROLLARY 7 (Sample-based EM guarantees for Gaussian mixtures). In addition to the
conditions of Corollary 1, suppose that the sample size is lower bounded as n > c1dlog(1/0).

Then given any initialization 0° € Bg(%; 0%), there is a contraction coefficient k(n) < e=""
such that the standard EM iterates {0'}3°, satisfy the bound

* * c % d
B.1) 16 112 < K100 = 07l + ~—p(cs [67]2) / ~ Tox(1/5)

with probability at least 1 —§.
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We also have an analogous result for the EM algorithm with sample-splitting for the mixture
of Gaussians.

COROLLARY 8 (Sample-splitting EM guarantees for Gaussian mixtures). Consider a Gaus-
sian mizture model satisfying the SNR(n) condition (3.7), and any initialization 6° such that
16° — 672 < 1212

Given a sample size n > 16T log(6T/0), then with probability at least 1 — ¢, the sample-
splitting EM iterates {0}, satisfy the bound

dT log(T /o Tlog(T/é
(B.?) ||9t_9*||2§/{t”00_9*”2+ 1EK<U\/ Og( / )+\/()g(/)||9*||2>

n n

It is worth comparing the result here to the result established earlier in Corollary 7. The
sample-splitting EM algorithm is more sensitive to the number of iterations which determines
the batch size and needs to be chosen in advance. Supposing that the number of iterations
were chosen optimally however the result has better dependence on ||0*||2 and o at the cost of
a logarithmic factor in n.

Our next corollary gives a guarantee for the sample-splitting EM updates applied to the
mixture of regressions example. Let us now provide guarantees for a sample-splitting version
of the EM updates. For a given sample size n and iteration number 7', suppose that we
split! our full data set into T subsets, each of size n/T. We then generate the sequence
o+l = M, /T(Ht), where we use a fresh subset at each iteration. In the following result, we use

©(a; 10 |l2) = \/o? + ||0*|3, along with positive universal constants (c1,cz).

COROLLARY 9 (Sample-splitting EM guarantees for MOR). In addition to the conditions
of Corollary 2, suppose that the sample size is lower bounded as n > c1dlog(T/d). Then there
is a contraction coefficient k < 1/2 such that, for any initial vector §° € Bg(%;@*), the
sample-splitting EM iterates {Gt}thl based on n/T samples per step satisfy the bound

d
(B.3) 16" = 0"ll2 < K*16° = 0712 + ea0(e [107]2) | — T'log(T/)

with probability at least 1 — 4.

We devote the remaining technical sections of this Appendix section to the proofs of the
various claims made in this Appendix and earlier in Section 5.

B.1. Proof of Theorem 4. Since both M(f) and 6* are in 2, we may apply condi-
tion (5.2) with #/ = M(0) and condition (5.3) with ' = 6*. Doing so, adding the resulting
inequalities and then performing some algebra yields the condition

(B.4)
(VQ(M(0)|0%) — VQ(6707), 6" — M(0)) < (VQ(M(0)|6") — VQ(M(0)]6), 6" — M(0)).

Now the A-strong concavity condition (3.2) implies that the left-hand side is lower bounded
as

(B.5a) (VQ(M(0)107) — VQ(07167), 0" — M(0)) > A[|0" — M(0)]13.

'To simplify exposition, assume that n/T is an integer.
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On the other hand, the FOS(~) condition together with the Cauchy-Schwarz inequality implies
that the right-hand side is upper bounded as

(B.5b) (VQ(M(0)]6%) — VQ(M(0)0), 0" — M(6)) < ~[[6" — M(0)]|2[16 — 672,
Combining inequalities (B.5a) and (B.5b) with the original bound (B.4) yields

Mo = M@)[13 < v]10* = M(©O)[2]10 — 0"z,
and canceling terms completes the proof.

B.2. Proof of Theorems 3 and 5. For concreteness we prove Theorem 3 in this section.
The proof of Theorem 5 follows in a similar manner. The proof follows along similar lines to
the proof of Theorem 2. For any iteration s € {1,2,...,T}, we have

n o
(B.6) I9Qur(016°) =00 — VQUOI) ooz < 2 (32, )
with probability at least 1 — 5. Consequently, by a union bound over all T indices, the

bound (B.6) holds uniformly Wlth probability at least 1 — J. We perform the remainder of
our analysis under this event.
It suffices to show that

(B.7) 1657 — 6|2 < K]|6° — 6%||2 + aEQ(T ;) for each iteration s € {1,2,...,T — 1}.

Indeed, when this bound holds, we may iterate it to show that

16" — 6%||2 < K||6" 1—9*||z+asc9(T ;)
< w{ull0"2 = 0" + a0 (. 1)} + azo (5 1)
gmfuao—e*llﬁ{ti }‘”Q(; :5r>

S=

- (n ) )
e

e\ T
where the final step follows by summing the geometric series.

It remains to prove the claim (B.7), and we do so via induction on the iteration number.
Beginning with s = 1, we have

R

16" = 6°lla = 16° + AV Qo (016 oo — 0" 12 < x10° 0"+ s (2. 2).
where step (i) follows by triangle inequality, the bound (B.6), and the contractivity of the popu-
lation operator applied to 8° € Ba(r; 6*). By our initialization condition and the bound (5.11a),
note that we are guaranteed that |01 — 6*[]y < 7.

In the induction from s +— s + 1, suppose that [|§* — 6*||2 < r, and the bound (6.3) holds
at iteration s. The same argument then implies that the bound (6.3) also holds for iteration
s+ 1, and that ||#T! — §*||3 < r, thus completing the proof.
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B.3. Population contractivity of the EM operator. Much of the work in establishing
population level results for the first-order EM algorithm can be leveraged in establishing
population level results for the EM algorithm.

In particular, we observe that the FOS condition differs from the GS condition only in that
for the FOS condition we need to control the norm:

IVQ(M(0)[6) — VQ(M(6)]67)]|2
as opposed to the norm:

IVQ(010) — VQ(0]07)]|2.

It is a straightforward exercise to verify that in the two mixture model examples we consider in
the paper (and more generally when the @ function is a spherical quadratic function of its first
argument) the gradient of the @ function is independent of its first argument. Particularly,
we note that the population level results for EM applied to the mixture of regressions and
mixture of Gaussians follow directly from Corollaries 1 and 2, and the observation that for
these examples the FOS and GS conditions are equivalent. It then remains to analyze the
finite-sample performance of the EM algorithm in these examples, and we address this in the
following sections.

B.4. Proof of Corollary 8. The proof follows by establishing a bound on the function
ey (n,0). Define S = {6 : |0 — 6|2 < %}. Recalling the updates in (A.2a) and (A.2b), note
that

1 — 1 —
[ M(0) — Mp(0)]]2 < Hﬁ ZYin + H; Zwe(Yi)Yi — Ewg(Y)Y |2
=1 =1

~~

T1 T2

We bound each of these terms in turn, in particular showing that

(B.3) mac{T3, 7o) < (B g 4 [HOEUL0)
n n

with probability at least 1 — 4.
Control of Ty:.  Observe that since Y ~ (2Z — 1)6* 4+ v we have

R 1 o 1o
==Y Vil < 1 Y willa + |- D222 - D] 16"
=1 i=1 =1

Since Z; are i.i.d Bernoulli variables, Hoeffding’s inequality implies that

i=1

with probability at least 1 — %. On the other hand, the vector U := %Z?:l v; 1S zero-mean
and sub-Gaussian with parameter o/,/n, whence the squared norm Ui ||3 is sub-exponential.
Using standard bounds for sub-exponential variates and the condition n > od, we obtain

[0 < oy L2ELL2)

with probability at least 1 — /4. Combining the pieces yields the claimed bound (B.8) on 77.
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Control of T5:. By triangle inequality, we have

* 1 -
B<F§:w )(22; = 1) = Ewp(Y)(2Z = 1)[[[0" 2 + |~ > _ wo(Yi)vi — Euwg(Y)o]|o.
i=1

The random variable wy(Y)(2Z — 1) lies in the interval [—1, 1], so that Hoeffding’s inequality
implies that

10g(6/5)

\*ZW9 )(2Z; — 1) — Ewy(Y)(2Z — 1)[[6"]2 < 1672

with probability at least 1 — /4.
Next observe that the random vector Us := £ 3™ | wge (X;)v; — Ewge (X )v is zero mean and
sub-Gaussian with parameter o//n. Consequently, as in our analysis of T7,we conclude that

dlog(1/0)
< bt =Sl A
1U2]]2 < -

with probability at least 1 — 6/4. Putting together the pieces yields the claimed bound (B.8)
on 15, thereby completing the proof of the corollary.

B.5. Proof of Corollary 7. In order to prove this corollary, it suffices to bound the
function ey%if(n, §), as previously defined (5.9). Defining the set A := {# € R? | [|§ — 0*|]» <
|6%||2/4}, our goal is to control the random variable Z := supgey || M (6) — M, (6)]|2. For each
unit-norm vector v € R, define the random variable

Zy = Ztelg{ Z 2wp(yi) — 1)(yi u) — EQug(Y) — 1)(Y, u) }.

Noting that Z = sup,csd Zy, we begin by reducing our problem to a finite maximum over the
sphere S%. Let {u',...,u™} denote a 1/2-covering of the sphere S = {v € R? | |lv[|2 = 1}.
For any v € S¢, there is some index j € [M] such that ||[v — u?|s < 1/2, and hence we can
write

Zy < Zyi + |2y — Zyi| < m[aX]Z i+ Z v — ||z,
JEM
where the final step uses the fact that |Z, — Z,| < Z ||lu — v||3 for any pair (u,v). Putting
together the pieces, we conclude that

(B.9) Z =sup Z, <2max Z,;
’UESd JG[M]

Consequently, it suffices to bound the random variable Z, for a fixed u € S®. Letting {ei}
denote an i.i.d. sequence of Rademacher variables, for any A > 0, we have

Ele /\Zu] < E[exp (z suszz 2wy (yi) — 1){yi, u>>},

N gea

using a standard symmetrization result for empirical processes (e.g., [4, 5]). Now observe that
for any triplet of d-vectors y, # and 6’, we have the Lipschitz property

[20(y) — 2 ()| < 510, 4) — (&, )]
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Consequently, by the Ledoux-Talagrand contraction for Rademacher processes [4, 5|, we have

N geh no?

E[exp (gsupZé‘z 2we(yi) — 1) {wi, >>] < E{eXp (4sug§:€¢(97 Yi) (i, u>)]
=1

Since any 6 € A satisfies [|0]|2 < 2||6* |2, we have

fecA T

5 1 <
sup — Zez (0, yi) (i, u) < fIIH*IIzIIIEZsiyz-yflllop»
=1

where || - [lop denotes the fo-operator norm of a matrix (maximum singular value). Repeating
the same discretization argument over {ul, ... ,uM }, we find that

|||f Z it lop < 2 max Zsz Yi,

e 4

Putting together the pieces, we conclude that

(B.10)

E[e*%] gE[exp(mHQ*HZf?[M ZEZ (i w)?)] < iE[eXp<Wiifi<in )]

j=1 =1

Now by assumption, the random vectors {y;}*; are generated i.i.d. according to the model
y = n0* + w, where 7 is a Rademacher sign variable, and w ~ N(0,0%I). Consequently, for
any u € R? we have

l6*13+02

Ele®¥)] = E[e"®" 0 Elefw")] < ¢ 2,
showing that the vectors (y;, u) are sub-Gaussian with parameter at most v = +/||0*||3 + 2.
Therefore, the vectors &;(y;, u)? are zero mean sub-exponential, and have moment generating

4,2
function bounded as E[et(@i’“»z] <es forallt>0 sufficiently small. Combined with our
earlier inequality (B.10), we conclude that

A2|j6* 13~4 A2|jo* u27
E[eAZ“] < Mef ™ not < € ot T

for all A sufficiently small. Combined with our first discretization (B.9), we have thus shown
that

Ay A2)0% )13~ A2)0* u§v4
E[ 2 ]< Me nod +2d < 6 nod +4d

Combined with the Chernoff approach, this bound on the MGF implies that, as long as n >
c1dlog(1/6) for a sufficiently large constant ¢1, we have

c2[|0*]|29*  [dlog(1/9)

7 <
- o2 n

with probability at least 1 — 9.
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B.5.1. Proof of Corollary 9. We need to compute an upper bound on the function e,/(n, §)
previously defined in equation (5.8). For this particular model, we have

M) ~ M@)o = (S wia?) (D0 (2wl ) — Vi) — 2B (X, V)Y X] .
=1 i=1

Define the matrices 3 := LS mal and © = E[XXT] = I, as well as the vector

S Iy
5= L [wolen iz, and = E[ug(X, V)Y X],
i
where pg(z,y) = 2wp(z,y) — 1. Noting that E[Y X] = 0, some straightforward algebra then
yields the bound

(B.11) 1M (6) = Ma(0)ll2 < I3 lopllo = vll2+ 57" = S opllv]]2-

T1 T2

We bound each of the terms 77 and 75 in turn.

Bounding Ty:. Recall the assumed lower bound on the sample size—namely n > c¢dlog(1/0)
for a sufficiently large constant c. Under this condition, standard bounds in random matrix
theory [11], guarantee that [|X — X|lop < 3 with probability at least 1 — 8. When this bound

holds, we have [|£~[lop > 1/2.
As for the other part of 77, let us write ||v — v||2 = sup,esd Z(u), where

200 5= = 3" ol i)y, w) — Eluo (X, Y)Y (X, ],

By a discretization argument over a 1/2-cover of the sphere S*—say {u!,..., u™}—we have
the upper bound || —wvl|2 < 2max;eppy Z(u’). Thus, it suffices to control the random variable
Z(u) for a fixed u € S%. By a standard symmetrization argument [10], we have

P[Z(u) > t] < QPE > eipo(wi, yi)yilwi, u) > t/2],
=1

where {g;}" ; are an i.i.d. sequence of Rademacher variables. Let us now define the event
E{L > | (xi, u)* < 2}. Since each variable (z;, u) is sub-Gaussian with parameter one, stan-
dard tail bounds imply that P[£°] < e~"/32. Therefore, we can write

P[Z(u) > t] < QP[% > eipo (@i, yi)yilwi, u) > /2 | 5} +2e7"/%2,
=1

As for the remaining term, we have
A o 2\
E|exp (23 cimolwiyiyila w)) | €] < E[exp (223 cmilai, w)) [ €],
i=1 i=1

where we have applied the Ledoux-Talagrand contraction for Rademacher processes [4, 5], using
the fact that |ug(x,y)| <1 for all pairs (x,y). Now conditioned on z;, the random variable y;

44



is zero-mean and sub-Gaussian with parameter at most \/[|6*[|3 + o2. Consequently, taking
expectations over the distribution (y; | ;) for each index i, we find that

2\ — 42 g o\ )

_ s < - * )
E[exp (Z > el w) €] < [exp (S5 (1071 + 0 ) 2t ) ) 1¢]
82,
< exp (= (1013 +0?)).
where the final inequality uses the definition of £. Using this bound on the moment-generating
function, we find that

n 2
P[% > citto(wiy yi)yi(wi, u) > /2 | 5} < exp < - 256(“97’363 n 02))-
=1

Since the 1/2-cover of the unit sphere S% has at most 2% elements, we conclude that there is a

universal constant ¢ such that Ty < ¢ +/[[0*[3 4+ 024/ < log(1/6) with probability at least 1 —d.

Bounding T:. Since n > d by assumption, standard results in random matrix theory [11]
imply that [|[£—! —n—! llop < ¢4/ % log(1/6) with probability at least 1 —¢. On the other hand,
observe that

[oll2 = [[M(0)]]2 < 2672,
since the population operator M is a contraction, and [|0]]2 < 2[/6*||2. Combining the pieces,

we see that T < ¢/|0* |24/ < log(1/6) with probability at least 1 — 4.

Finally, substituting our bounds on 7} and 75 into the decomposition (B.11) yields the claim.

APPENDIX C: A STOCHASTIC VERSION OF FIRST-ORDER EM

In this section, we analyze a sample-based variant of first-order EM that is inspired by
stochastic approximation. Online variants of the EM algorithm have been studied by various
authors (see for instance [3, 6]), who focus on the convergence and rate of convergence of
these algorithms to any stationary point of the log-likelihood. On the contrary, our focus in
particular applications is on the convergence of the algorithm to the MLE. The stochastic
algorithm we study can be viewed as an extreme form of sample-splitting, in which we use
only a single sample per iteration, but compensate for the noisiness using a decaying step size.
Throughout this section we assume that (a lower bound on) the radius of convergence r of the
population operator is known to the algorithm?.

C.1. Analysis of stochastic first-order EM. Given a sequence of positive step sizes
{a'}£2,, we analyze the recursion

(C.1) ol = H(ot n atVQl(atwt)),

where the gradient VQ1(6%|0?) is computed using a single fresh sample at each iteration. Here
T

IT denotes the projection onto the Euclidean ball Ba(3; 6°) of radius 5 centered at the initial

iterate §°. Thus, given any initial vector §° in the ball of radius r/2 centered at §*, we are
guaranteed that all iterates remain within an r-ball of 8*. The following result is stated in terms

of the constant & := % —~ >0, and the uniform variance og, := , ]Béltpe )EHVQNG!@)H%.
EB2(r;0*

2This assumption can be restrictive in practice. We believe the requirement can be eliminated by a more
judicious choice of the step-size parameter in the first few iterations.
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THEOREM 6. For a triplet (v, \, ) such that 0 < v < X\ < pu, suppose that the population
function q is A-strongly concave (3.2), u-smooth (3.3), and satisfies the GS(7) condition (3.1)
over the ball By(r; 0*). Then given an initialization 6° € By(%;6*), the stochastic EM gradient

updates (C.1) with step size o' := m satisfy the bound

2
o) Ell¢ — o2 < 206 1 2
2

3/2 0 9
=@ @19 t—i—2> |6 — 075 for iterations t = 1,2, .. ..

While the stated claim (C.2) provides bounds in expectation, it is also possible to obtain
high-probability results.?

We prove this result in Appendix C.4. In order to obtain guarantees for stochastic first-order
EM applied to specific models, it only remains to prove the concavity and smoothness prop-
erties of the population function ¢, and to bound the uniform variance og.

C.2. Stochastic updates for mixture of regressions. In order to illustrate Theorem 6
we first revisit the MOR, model considered in Section 3.2.2. In particular, given a data set of

size n from this model, we run the algorithm for n iterations, with a step size o := t+i2

for iterations ¢t = 1,...,n. Once again our result is terms of ¢(o; [|6*]|]2) = /o2 + [|0*]|3 and
positive universal constants (ci,c2).

COROLLARY 10 (Stochastic first-order EM guarantees for MOR). In addition to the con-
ditions of Corollary 2, suppose that the sample size is lower bounded as n > cidlog(1/5). Then
given any initialization 09 € BQ(%; 0*), performing n iterations of the stochastic first-order

EM gradient updates (C.1) yields an estimate § = 6" such that
v %12 2 * d
(C.3) E[l6 = 67[I2] < c2 0% (o [167]]2) -

We prove this corollary in Appendix C.5. Figure 9 illustrates this corollary showing the error
as a function of iteration number (sample size) for the stochastic first-order EM algorithm.

C.3. Stochastic updates for missing data. We conclude our discussion of the stochas-
tic form of first-order EM by re-visiting the model with covariates missing completely at ran-
dom considered in Section 3.2.3. In particular, given a data set of size n from this model, we

run the algorithm for n iterations, with a step size of := t% for iterations t = 1,...,n.

COROLLARY 11 (Stochastic first-order EM guarantees for missing covariates). In ad-
dition to the conditions of Corollary 3, suppose that the sample size is lower bounded as
n > cidlog(1/8). Then given any initialization 0° € By(é20;60%), performing n iterations of
the stochastic EM gradient updates (C.1) with step sizes o' = 5 yields an estimate

3
R 1—r)(t+2)
0 = 0™ such that
~ d
(C.4) E[[|6 — 6*|3] < c2(1 + %) .

We prove this corollary in Appendix C.6. Figure 10 provides an illustration of the performance
in practice.

3Although we do not consider this extension here, stronger exponential concentration results follow from
controlling the moment generating function of the random variable supyep, (,.0+) IVQ1(8]6)||3. For instance,
see Nemirovski et al. [7] for such results in the context of stochastic optimization.
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Fig 9. A plot of the (log) statistical error for the stochastic first-order EM algorithm as a

function of iteration number (sample size) for the mixture of regressions example. The plot
* 0 *

shows 10 different problem instances with d = 10, @ =2 and w = 1. The statistical

error decays at the sub-linear rate O(1/+/t) as a function of the iteration number ¢. An iteration
of stochastic first-order EM is however typically much faster and uses only a single sample.

Stochastic Gradient EM, Regression with Missing Data

Log statistical error
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Fig 10. A plot of the (log) statistical error for the stochastic first-order EM algorithm as
a function of iteration number (sample size) for the problem of linear regression with missing

* 0 *
covariates. The plot shows 10 different problem instances with d = 10, @ = 2 and w =

1. The statistical error decays at the sub-linear rate O(1/v/t) as a function of the iteration
number ¢.

C.4. Proof of Theorem 6. We first establish a recursion on the expected mean-squared

error. As with Theorem 1 this result is established by relating the population first-order EM op-
erator to the gradient ascent operator on the function ¢(-). This key recursion along with some

algebra lead to the theorem.

LEMMA 5. Given the stochastic EM gradient iterates with step sizes {a'}2, the error

AL = gL 0% ot iteration t + 1 satisfies the recursion
(C.5) E[AT 3] < {1 - o’ JE[IA3) + (a')?02,

where o, = sup  E[|[VQ1(]0)]3].
0€B2(r;0*)

We prove this lemma in the sequel.

Using this result, we can now complete the proof of the bound (C.2). With the step size
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choice af := ﬁ where a = %, unwrapping the recursion (C.5) yields
o2 1 t42 0202 t42
(C6)  E[|AT 3] GZ{ II0-9))+a +H( Z) EllA)3.
£2(t+2)2
T=2 (=7+1

In order to bound these terms we use the following fact: For any a € (1,2), we have

t+2

[T (-9 =)

l=7+1 t+

See Noorshams and Wainwright [9] for a proof. Applying this inequality in equation (C.6)
yields

2 9 t+2

AR < gy g D+ () A

220 <2 1 2 Ne o
< E .
- 52 (t+3) 7—2 a + <t+3) E[HA H2]

42
Finally, applying the integral upper bound Z < t+2 — sodr < 2(t +3)*7! yields the
claim (C.2).

It only remains to prove Lemma 5. In order to establish Lemma 5 we require an analogue
of Theorem 1 that allows for a wider range of step sizes. Recall the classical gradient ascent
operator on the function ¢(8) = Q(6]6*). For step size o > 0, it takes the form T'(0) =
0+ onq(O) Under the stated A-concavity and p-smoothness conditions, for any step size

0<a< s, +# the classical gradient operator T' is contractive with parameter
2au
a)=1-— .
o) =12

This follows from the classical analysis of gradient descent (e.g., [1, 2, 8]). Using this fact, we
can prove the following about the population first-order EM operator:

LEMMA 6. For any step size 0 < a < 13—, the population first-order EM operator G :

o

Q — Q is contractive with parameter k(o) = 1 — o, where
2uA

C.7 = —".

(C.7) ¢ A+ p K

We omit the proof, since it follows from a similar argument to that of Theorem 1. With this
preliminary in place we can now begin the proof of Lemma 5.

C.4.1. Proof of Lemma 5. Let us write 6771 = II(6T1), where 67 := 0 + o'V Q1(6¢|6")
is the update vector prior to projecting onto the ball Ba(3; 6°). Defining the difference vectors
AL = g+l _ g% and AtHL = g1 — 9% we have

JATY3 — [|AY)3 < |AHY3 — [|AY2 = (! — ¢, 61 + 6F — 267).
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Introducing the shorthand W\(H) .= VQ1(0]0), we have 1 — gt = at/W(H), and hence

[ASE — AT < o' (W(0"), oW (6") +2(0" — 07))

= (o"[W(O)]I3 + 20" (W(8"), A).
Letting F; denote the o-field of events up to the random variable 6, note that
E[W(0') | Fi) = W(0") := VQ(0']6").
Consequently, by iterated expectations, we have
(©5) B[ A (3] < E[IAY3] + (B[ (693 + 20E[ W (9"), AY)].
Now since 6* maximizes the function ¢ and 6" belongs to By(%;6"), we have
(W(07), A") = (Vq(67), A") < 0.
Combining with our earlier inequality (C.8) yields
E[||A™ 3] < E[A"[5] + (o ’E[W(8")|I3 + 2a'E| (W (') — W (8%), A")|.
Defining G*(6") := 0" + o'W ("), we see that
LW (01 —W(6%), AY) = (GH(O") — G*(0*) — (0 — 0%), ' — 6%)

(G'(0") = G'(67), 0" — 0%) — 16" — 0”13

—
IN=
=

(5(a’) = 1)10" = 0"3

—

ii)
= —a'¢ A3,

where step (i) uses the contractivity of G! established in Lemma 6 and step (ii) uses the
definition of £ from equation (C.7). Putting together the pieces yields the claim (C.5).

C.5. Proof of Corollary 10. We need to bound the uniform variance o2 = SUPgeB, (ri0+) EIIVQ1(0]0) 13,

where r = ”93%. From the gradient update (A.6a), we have VQ@Q1(0 | 0) = (2wg(z1,y1) —

Dyi1x1 — (x1, €)1, and hence

(C.9) E[IVQ1(010)I13] < 2E[yllx1ll3] +2 [JE[z127 21 |3]llop 101]3.

T T2

First considering T4, recall that y; = z1(x1, 6*) 4+ vy, where v ~ N(0, 02) and z; is a random
sign, independent of (z1,v1). Consequently, we have

Ty < 2E[(xy, 6%)2[213] + 2E? aa])3) < 2v/El{ar, 007 /Elle1 ]3] + 20%,

where we have applied the Cauchy-Schwarz inequality, and observed that E[||z1]|3] = d and
E[v?] = 2. Since the random variable (1, 6*) is sub-Gaussian with parameter at most |0*||z,
we have E[{(x1, 6*)4] < 3]|6*||3. Moreover, since the random vector x; has i.i.d. components,
we have

d
d
Ellonf = Y- Blot;] +2 3 BledBla = 3d-+2(5) <ad?
i=1 i
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Putting together the pieces, we conclude that T < 8]|6*||3d + 202d.
Turning to term T5, by definition of the operator norm, there is a unit-norm vector v € R¢
such that

T = [Eferaf o 3lop = o (Eloraf o 3] )u = Eler, w)? )]

< VE[(x1, ud] /[ ||4]
Y BVIE < 4.

where step (i) applies the Cauchy-Schwarz inequality, and step (ii) uses the fact that (x1, u)
is sub-Gaussian with parameter 1, and our previous bound on E[||z1||3].

Putting together the pieces yields 0% < c¢(o? + [|0*]|3)d, so that Corollary 10 follows as a
consequence of Theorem 6.

C.6. Proof of Corollary 11. Once again we focus on bounding the uniform variance
0. From the form of @ given in equation (A.8) (with n = 1), we have

©10)  E[IVQi010)13] < 2{ E[I1S0(ons, 9)013 + Ely? o (rens,)I3]] }-

~~

T1 T2

We bound each of these terms in turn. To simplify notation, we omit the dependence of pg
and Xy on (Zops, y), but it should be implicitly understood.

Bounding Ty:. Letting 1 € R? be the vector of all ones, and z € R? be an indicator of
observed indices, we have Sy = Iis + propd — ((1 — 2) © pg)((1 — 2) © pg)T. Consequently,

%E[HEMI%] < 116113 + E{lll3 (o, 0)°] +E[lI(1 = 2) © poll3 (1 — 2) © g, 6)°].

By the Cauchy-Schwarz inequality, we have

E[|luoll3 (10, )*] < \/Ellluoll3] vE[(o, 6)1]-

From Lemma 4, the random vector ug is sub-Gaussian with constant parameter, so that
E[||19]|5] < cd?. Since ||8]]2 < c||6*||2, the random variable (ug, 0) is sub-Gaussian with pa-
rameter c||0*||2, and hence E[(ug, 0)%] < c||0*||3. Putting together the pieces, we see that
E[lluoll3 (o, 0)*] < cd||6*]|3. A similar argument applies to other expectation, so that we
conclude that Ty = E[||£¢6||3] < ¢||6*[|3d, a bound that holds uniformly for all § € By(r;6*).

Bounding Ty:. By the Cauchy-Schwarz inequality, we have

Ty = Ely? oo )3 < VELTEllluo(@obs v)[3]

Note that y is sub-Gaussian with parameter at most /||6*||3 + 02, whence

Ely*] < c (l6*]3 + o?).

Similarly, Lemma 4 implies that v/E[|| 6 (zobs, y)[|3] < cd, and hence Th < ¢ (||6*13 + o2)d.

Substituting our upper bounds on 7} and T3 into the decomposition (C.10), we find that
o& < c(]|6*]13 + 0?)d. Thus, Corollary 11 follows from Theorem 6.
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APPENDIX D: TECHNICAL MATERIAL FOR GAUSSIAN MIXTURE MODELS

In this appendix, we provide proofs of technical results related to the mixture of Gaussians
model.

D.1. Some elementary properties. We make frequent use of the following facts:

e For the function f(t) = %, we have
(D.1a) f(t) 1 hieved at t* = 2 and
la sup = , achieved at t* = £ an
t€[0,00] (e p)?
(D.1b) sup f(t) = f(t%), for t* > %
te[t*,00]

e For the function g(t) = m, we have

1
(D.2a) g(t) < 1 for all t € R, and
(D.2b) () < L < exp(—2p1) lid >0
. sup ¢(t) < < exp(—2pu), valid for any p > 0.
t€[1,09) (exp(p) + exp(—pu))?
e Similarly, for the function g2(t) = W, we have
1
(D.3a) g2 (t) < T for all t € R, and
1
(D.3b) sup ¢2(t) < < exp(—4p), valid for any p > 0.
teox) (exp(u) + exp(—p))*

D.2. Proof of Lemma 2. With these preliminaries in place, we can now begin the proof.
For each u € [0, 1], define 0, = 0* + uA, where A := 0 — 6*. Taylor’s theorem applied to the
function 6 — wy(Y"), followed by expectations, yields

vyt
7o (= B0 +exp (%20))7

g

E[Y (wo(Y) —wg*(Y))} _2/0115 A du.

Tu(Y)

For each choice of u € [0, 1], the matrix-valued function y — I'y(y) is symmetric—that is,
Lu(y) = TCu(—y). Since the distribution of Y is symmetric around zero, we conclude that
E[l,(Y)] = E[T,(Y)], where Y ~ N (6*,5%I), and hence that

(D.4) I (o) = o () Y] I <2 sp FEIW(Top ]2

The remainder of the proof is devoted to bounding |||E[Fu(1~/)mop uniformly over u € [0, 1]. For
an arbitrary fixed u € [0,1] let R be an orthonormal matrix such that R, = ||0,||2€1, where
e1 € R? denotes the first canonical basis vector. Define the rotated random vector V = Rf’,
and note that V ~ N(R@*,02I). Using this transformation, the operator norm of the matrix
E[L,(Y)] is equal to that of

vvT
(V, [18ull2e1) )
0-2

D=E| vy

g

o?(exp ( +exp (—

o1



In order to bound the operator norm of D, we need to introduce some intermediate quantities.
We define

(65} =E ‘ZE
| o2 (exp (MHGU%) +exp (- WTM))?_ ’
ag =K Vi
| o2(exp ((‘ﬂ ||6C'ru2||261>) +exp (- v, |I9;2H261>))2_ ’
g = E — ! —
’ _02(exp ((V, ||iu2||261>) T exp ( _ W ||iu2|\261>))2_ )

Further denote,
= RO*,
Vi= [07 M2, 3y - - l’Ld]T'

In terms of these quantities observe that we can write,

D= alele{ + ag(ye{ + elyT) + agvt.

So we have that,
(D.5) IDllop < I1Pliro < a1 + 2a2|[v[l2 + as|[v|3 < a1 + 2a2[|6* |2 + as]|67[[3.
In order to bound a7, as and ag observe that,

VE/o?
MSE[ mqu}
02

exp (
Defining the event & = {V} < %}, we condition on it and its complement to obtain
Vi/o®

exp (A2

vi/o?

e
2||6’u||2V1) )
0—2

<E[ -

a |4MQ+E[

Conditioned on & and &€, respectively, we then apply the bounds (D.1a) and (D.1b) to obtain

o’ 16713

216.E T 1602 exp (1l

loa

oy <

provided [|6*||2]|0u|]2 > 402. Noting that
(D.6) 18ull2 = 116" +u(0 = )2 2 [167[l2 = 7 16%]l2 = ]167]l2,

9 3116* 113
613 exp (1

1602

we obtain the bound «a; < %P(EI) + ), whenever ||6*]|]3 > 1602/3.

9e2(|6*[[3
Note that the mean of V] is lower bounded as

EVi] = (RO7, e1) = (RO, e1) + (R(0" — 0u), e1) > [|0ull2 = 107 — Oull2 > I 2||27
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where step (i) follows from the lower bound (D.6). Consequently, by standard Gaussian tail
bounds, we have

—[16*113
(D.7) P[€] < exp ( 253 )
Combining the pieces yields
1602 _lei3 0|3 _3le"i3
S G e Pt g v Whenever 073 > 160%/3.
In a similar fashion we have that,
V;
az =E ; ! p 2]
aQ(exp (7“ 1;.”5“) + exp ( — [Bula¥s “0”22‘/1))
vz i
B[5e] Bl gl

Oull2V Oull2V;
JQ(QXp (Hff'%) +exp ( - Ha|#>)
2 N2
Observe that, E[%] < llo* 113

— 2, and it remains to bound the second term. We have that,

1 = 1 (6|2 V1
e () e (g~

0-2
where the reader should recall the function g from equation (D.2a).
Conditioning on the event & = {V} < %} and its complement yields

B (53] < alElar (M) 1e]mie + Bl () 1]

o
%) % [%GIP)[S] + exp ( — HQ*HZWH
(1) 1

2L Lot - 221

where step (i) follows by applying bound (D.2a) to the first term, and the bound (D.2b) with
W= w to the second term; and step (ii) follows from the bound (D.6). Applying the
bound (D.7) on P[£] yields

1 [[0ull2V1 1r1 16%(13 3]16%(13 2 16%]3
() < A o - o200 < o1
o2 g o2 ~ 02116 P ( 3202 ) +exp ( 402 ) ~ 02 P ( 3202 )

Putting this together we have that,

2(|0* 0|2
< A0z o (1070

- o2 6402
In order to bound ag, we follow a similar argument. Once again, conditioning on the event
E={n < %} and its complement yields

or< S[ao(5) e o 252) ]

o
2 % EIF’[S] + exp ( — W)}
(g) % [i[?’[g] + exp ( — 31’69;!%)}’
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where step (i) follows by applying bound (D.2a) to the first term, and the bound (D.2b) with
w= % to the second term; and step (ii) follows from the bound (D.6). Applying the
bound (D.7) on P[£] yields

1l 16*113 3116*113 2 16*113
s < [z (- 0 (= To2)| = e (=00
Returning to equations (D.5) and (D.4), we have shown that

)+exp

1
122 (w0 (¥) = w9 () Y] € ea(1+ 5 + 1)~ 0 = 7]

whenever 17 ”2 > n? > 16/3. On this basis, the bound (6.4) holds as long as the signal-to-noise
ratio is SUfﬁClently large,

APPENDIX E: TECHNICAL RESULTS FOR MIXTURE OF REGRESSIONS

In this appendix, we provide proofs of technical results related to the mixture of regressions
model.

E.1. Proof of Lemma 3. Since the standard deviation o is known, a simple rescaling
argument allows us to take o = 1, and replace the weight function in (A.4a) with

C(y—(z.0))2
((y<2,9>))

exp

—(y—(z,0))2
((y<29>))

(E.1) wy(z,y) = .
exp + exp (7_(y+<2x’ 6>)2)

Our proof makes use of the following elementary result on Gaussian random vectors:

LEMMA 7. Given a Gaussian random vector X ~ N(0,I) and any fized vectors u,v € R,
we have
(E.2a) E[(X, u)?(X, v)?] < 3||ull3|[v]|3 with equality when w = v, and
(E.2b) E[(X, ) (X, v)?] < 15][uli3]|v][3-

PROOF. For any fixed orthonormal matrix R € R%*?  the transformed variable R X also
has a A/(0, I) distribution, and hence E[(X, u)?(X, v)?] = E[(X, Ru)?(X, Rv)?]. Let us choose
R such that Ru = ||u||2e1. Introducing the shorthand z = Rv, we have

E[(X, Ru)*(X, Rv)?] = E[||ul3X ZZXX zizj] = |lull3(322 + (1213 — 21))
i=1 j=1

201112 201,112

< 3llullzllzllz = 3lullzllvlz.
A similar argument yields the second claim. O
With these preliminaries in place, we can now begin the proof of Lemma 3. Recall that

A =60 — 6* and that A is any fixed vector in RY. Define 6, = 6* + uA for a scalar u € [0, 1].
Recall that by our assumptions guarantee that

116712 .
(5.30) 1Al < 122, and ez n
For future reference, we observe that
* o
(5.3b) 6l > 1071 — A > 1212

Noting that Lemma 3 consists of two separate inequalities (6.6a) and (6.6b), we treat these
cases separately.
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E.2. Proof of inequality (6.6a). We split the proof of this bound into two separate
cases: namely, ||All2 <1 and [|A|]2 > 1.

Case ||All2 < 1:. We then have.

2Y X

d
—wy(X,Y) = .
Y (X, 8) 1 exn (Y (X, )

do

Thus, using a Taylor series with integral form remainder on the function 6 — wy(X,Y") yields

! 2Y (X, A)
(E.4) Ap(X,Y) = /0 (oxp(Z,) + exp(—Z.))?

where Z,, := Y(X, 6* + uA). Substituting for A, (X,Y) in inequality (6.6a), we see that it
suffices to show

du,

! 2Y (X, 6%)
®5) | Bl s etz
Ay

(22 = 1)(X, A) (X, B)] du < L[| Allo] Az

for some v € [0,1/4). The following auxiliary result is central to establishing this claim:

LEMMA 8. There is a y € [0,1/4) such that for each u € [0, 1], we have
Y2(X, 6,)?
E.6 E
(6 \/ {exp(Z2) + exp(~Zu)™

Y2 Y
. — <1
(E.6Db) \/E[(exp(Zu) n exp(—Zu))4] 39 whenever ||All2 < 1

See Section E.4 for the proof of this lemma.

and

IN

X
14’

IN

Using Lemma 8, let us bound the quantity A, from equation (E.5). Since 6* = 0, — uA, we
have A, = By + By, where

- 2Y (X, 0.,) B ~ o
By := E[(exp(Zu) (7)) (2Z —1)(X, A)(X, A)], d
L 2Yu(X, A) B ~
By = E[(exp(Zu) +exp(—Zu))2(2Z (X, A)(X, A)].

In order to show that A, < Z||All2 |All2, it suffices to show that max{Bi, By} < Z||All2]|All2.

Bounding B1:. By the Cauchy-Schwarz inequality, we have

e N e ey

< %\/EWX, AY(X, A)2],

where the second step follows from the bound (E.6a), and the fact that (2Z — 1) = 1. Next
we observe that E[4(X, A)%(X, A)?] < 12||A[3]|A[|3, where we have used the bound (E.2a)
from Lemma 7. Combined with our earlier bound, we conclude that By < J[|All A2, as

claimed.
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Bounding By:. Similarly, another application of the Cauchy-Schwarz inequality yields

y2
B, < \/E[(exp(Z e 7 \/IE w2(27 — 1)2(X, AY(X, A)?]

< 12\/]E [4u2(X, A)4(X, £>2},

where the second step follows from the bound (E.6b), and the fact that (2Z — 1) = 1. In this
case, we have

~ (1) ~ . (i) ~
E[4u®(X, A)(X, A)?] < 6OJ|A[2A]F < GOIA[Z] A,

where step (i) uses the bound (E.2b) from Lemma 7, and step (ii) that ||A[jz < 1. Combining
the pieces, we conclude that Ba < F||All2||A|l2, which completes the proof of inequality (6.6a)
in the case ||All2 < 1.

Case ||All2 > 1:.  'We now turn to the second case of the bound (6.6a). Our argument (here
and in later sections) makes use of various probability bounds on different events, which we
state here for future reference. These events involve the scalar 7 := C-4/log ||0*||2 for a constant
C-, as well as the vectors

A:=0—-0" and 0, := 60" +uA for some fixed u € [0,1].
LEMMA 9 (Event bounds).
[[All2

(i) For the event & := {sign((X, %)) = sign((X, 6.))}, we have P[E{] < 1071l -
(it) For the event & = {|(X, 6*)] > 7} N {|(X, Ou)| > 7} N {|v| < T}, we have

2

T T
PI&S] < + 2ex .
&< o, * o 2o (- 2)
(iti) For the event & := {[(X, 6*)| > 7} U{|(X, 0u)| > 7}, we have P[&5] < o T s

72

v § /2} we have P[E§] < 2™ .
(X, 64)| > 7}, we have P[EE] < o~
|

(v) For the event E; :=
(vi) For the event & :=

{
(iv) For the event & := {
{
{|(X, 6*)| > 7}, we have P[E§] <

Oull2”
i

[16*12

[¥]

Various stages of our proof involve controlling the second moment matrix E[X X”] when
conditioned on some of the events given above:

LEMMA 10 (Conditional covariance bounds).  Conditioned on any event € € {& N &y, EY, ES, ES},
we have |E[XXT | Elqp < 2.

See Section F.4.3 for the proof of this result.

With this set-up, our goal is to bound the quantity
= [E[AL(X,Y)(2Z — 1)(X, 0*)(X, A)]| S E[|Au(X,Y)(2Z - 1)(X, 0*)(X, A)|].

For any measurable event &, we define ¥ (&) := E[|A,(X,Y)(2Z-1)(X, 6*)(X, A>| | €] PlE],

and note that by successive conditioning, we have
(E.7) T<U(ENE)+TVE)+V(E)+Y(E) +Y(E).

We bound each of these five terms in turn.
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Bounding ¥(& N &): . Applying the Cauchy-Schwarz inequality and using the fact that
(2Z —1)? =1 yields

(E.8) V(6N 6) < \E[ALX, V)X, A6 n&]E[X, 07)216 N &].

We now bound A,,(X,Y") conditioned on the event £, NEs,. Since sign((X, 6*)) = sign((X, 6,))

on the event &1, we have

(E.9a) sign(Y (X, 0%)) = sign(Y (X, 6,)).

Conditioned on the event &, observe that |Y| = [(2Z — 1)(X, 0*) +v| > (X, 6*)| — |v| > T,
which implies that

(E.9b) min {|Y(X, 6*)],|Y (X, 6)|} > T;

Recalling the weight function (E.1), we claim that when conditions (E.9a) and (E.9b) hold,

then

@) exp(—72
(B10)  |Au(XY)] =, (X,¥) — g (X, 1) £ — ST o

We need to verify inequality (i): suppose first that sign(Y (X, 6*)) = 1. In this case, both

< exp(—7?).

wy, (X,Y) and wy«(X,Y) are at least exp(_:f/p;;jé 2(72 73y Since each of these terms are upper
bounded by 1, we obtain the claimed bound on A, (X,Y). The case when sign(Y (X, 6*)) = —1
follows analogously.

Combined with our earlier bound (E.8), we have shown

V(1N &) < exp(—T)E[(X, A)2[€1 N €] /E[(X, 072161 N &)

Applying Lemma 10 with & = & N & yields U (& N &) < 2||A|2]|6%]|2e7 .
Bounding ¥(&f):. Combining the Cauchy-Schwarz inequality with Lemma 9(i), we have

N
16°]

We first claim that E[(X, 6%)% | £&f] < E[(X, A)? | £f]. To establish this bound, it suffices
to show that conditioned on &£, we have (X, 6*)2 < (X, A)2. Note that event & implies that
(X, 0*) (X, 6,) < 0. Consequently, conditioned on event &1, we have

(E.11) w(ep) < E[(X, A2les]yE[(X, 07)21e]

(X, 0%)2 = i(x, (0% — 00) + (0 + 07)2 < 1<X, 0 — 0,)2 + %(X, 0 + 0°)?
0
< (X, 07— 0,)?
(i) )
< (X, A)

where step (i) makes use of the bound (X, 6*) (X, 6,) < 0; and step (ii) follows since 6,, = 0* + uA,
and u € [0, 1].
Returning to equation (E.11), we have

1Al2 @ 2)A A3

W(E) < VE[X B2ler]yE[Cn apie) gt < T

where step (i) follows from the conditional covariance bound of Lemma 10.
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Bounding ¥(£Ef):. Combining the Cauchy-Schwarz inequality with Lemma 9(iv) yields

72

w(E5) < 2/E[(X, B2€5]\[E[(X, 07)2/€5] e 7.
Observe that by the independence of v and X, conditioning on £f has no effect on the second
moment of X. Since E[XXT] = I, we conclude that W(ES) < 2||All2]|0%[| e_§.
Bounding ¥(&5): . Combining the Cauchy-Schwarz inequality with Lemma 9(v) yields (&) <

m\/ERX, ﬁﬂé’g} \/E[<X, 6*)2|€¢]. Conditioned on the event £f, we have

(X, 00 <2(X, 0,)2 +2(X, A)? <272 + 2(X, A2,
Together with Lemma 10, we obtain the bound

w(Es) < 27| All2/7% + 2[A[3 @ 27| All5]|All2v/T2 +
1612 - 1612

where step (i) uses the fact that [|Alls > 1.

Bounding ¥(E§): . Combining the Cauchy-Schwarz inequality with Lemma 9(vi) yields (&) <
m\/EKX, A)Q\Sg] \/E[<X, 0*)2|€¢]. Conditioned on the event £, we have (X, 6*)? < 72,

and so applying Lemma 10 with & = £§ yields U(&§) < %

We have thus obtained bounds on all five terms in the decomposition (E.7). We combine

these bounds with the with lower bound ||6,,||2 > @ from equation (E.3b), and then perform
some algebra to obtain

T A3
107 1l2e7 2 20|l
161l } 16112

T <Al Al {

where ¢ is a universal constant. In particular, selecting 7 = ¢;+/log ||0*||2 for a sufficient large
constant ¢, selecting the constant 7 in (E.3a) sufficiently large yields the claim (6.6a).

E.3. Proof of inequality (6.6b). As in Section E.2, we treat the cases ||Alls < 1 and
||All2 > 1 separately.

E.3.1. Case ||All2 < 1:. As before, by a Taylor expansion of the function 6 — A, (X,Y),
it suffices to show that

1 2Y v
| Bz ez

For any fixed u € [0, 1], the Cauchy-Schwarz inequality implies that

~ /‘)/ ~
(X, A)X, A)jdu < SA[2[I A,

2w (X, A)(X, A) 4y?
enZ) + o2 < \/ Bl (@) + ez

®) A4Y2 -
<,4/E A2 IA]12
—\/ @+ ez V3 IR 1312

f’y

] VE[2(X, A)2(x, A2

A2 A2,

where step (i) follows from inequahty (E.Qa) in Lemma 7, the independence of v and X, and
the fact that E[v?] = 1; and step (ii) follows from the bound (E.6b) in Lemma 8.
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E.3.2. Case ||All2 > 1:. After applying the Cauchy-Schwarz inequality, it suffices show
that y/E[A2(X,Y)] < . The remainder of this section is devoted to the proof of this claim.

Recall the scalar 7 := C;/log ||0*||2, as well as the events & and & from Lemma 9. For
any measurable event &, define the function ¥(£) = E[AZ(X,Y) | £]P[£]. With this notation,
by successive conditioning, we have the upper bound

(E.12) E[AZ(X,Y)] < W(E) + U(E1 NES) + T(E1 N Ey).

We control each of these terms in turn.

Controlling term W(EY):. Noting that sup, , [Ay(z,y)| < 2 and applying Lemma 9(i), we
have W(£f) < 4P[f] <420,

Controlling term W(E; N ES):.  Similarly, Lemma 9(ii) implies that

2
+ 2e” 7}.
H9 2

Controlling term WU(E; N &):. Conditioned on the event £ N &, the bound (E.10) implies
that |A,(X,Y)| < exp(—72), and hence W(£; N &) < e 27"

C Cc T
U (&1 NES) <AP[ES) < 4{ T

Thus, we have derived bounds on each of the three terms in the decomposition (E.12):
putting them together yields

T 2
E[A2/(X,Y)] 24y 4 + 92 7 L 427
VE ot Y J

By choosing C'- sufficiently large in the definition of 7, selecting the signal-to-noise constant
7 in condition (E.3a) sufficiently large, the claim follows.

E.4. Proof of Lemma 8. The lemma statement consists of two inequalities, and we
divide our proof accordingly.

E.4.1. Proof of mequality (E.6a). For any measurable event &, let us introduce the function
V()= E{ V2X, 00 K | E}P[ ]. With this notation, successive conditioning yields the

(exp(Zu)+exp(—
decomposition

[ Y2(X, 0,)?
(exp(Zy) + exp(—Zy))*

(E.13) ] = W(E) + W(E N ES) + T(Ey),
and we bound each of these terms in turn. The reader should recall the constant 7 := Cr4/log ||6*||2,
as well as the events €3 and &4 from Lemma 9.

Bounding ¥(Ef):. Observe that

Y2(X, 0,) t2 -1

E.14 <sup———— ,
(E-14) (exp(Zy) + exp(—2Zy,))* — tzg exp(4t) — 4e?

where the final step follows from inequality (D.la). Combined with Lemma 9(iv), we conclude
T2
that W(&f) < 5 .
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Bounding ¥(E4 N ES):.  In this case, we have

W 1 @ 1 7 T
\Ij c < 7]P) C < _
(E4NE&3) < 1e2 [£5] < 462{H9*H2 . HQUHQ}’

where step (i) follows from inequality (E.14), and step (ii) follows from Lemma 9(iii).

Bounding ¥(E): . Conditioned on the event &, we have Y2(X, 6,)? > g, where we have

used the lower bound (E.9b). Introducing the shorthand t* = 72/2, this lower bound implies
that

t2 (t*)Q 7_4
W(&) <sup— < o T e

t>t* €

where inequality (i) is valid as long as t* = % > %, or equivalently 72 > 1.

Substituting our upper bounds on three components in the decomposition (E.13) yields

VX 0 J< et Lot )g“—w
(exp(Zu) + exp(=Zu))* = 262 1 \o*[l; " el 4T

Setting C'- sufficiently large in the definition of 7 and choosing sufficiently large values of the
signal-to-noise constant 7 in the condition (E.3a) yields the claim.

Proof of inequality (E.6b):. For any measurable event &, let us introduce the function

Y2

U(E) = E[(exp(Zu) +exp(—2Zy))

7 | E]PLE].

Recalling the event &5 from Lemma 9, successive conditioning yields the decomposition

Y2
IE;[(eXp(Zu) + exp(—2Zy))

(E.15) 2] = W(ES) + U(&s).

We bound each of these terms in turn.

Bounding ¥(E5): .  Simple algebra combined with Lemma 9(v) yields the upper bound ¥(&f) <

ME[YQ]‘ Conditioned on &5, we have the upper bound |(X, 6,)| < 7, whence

(X, 0%)2 <272 +2(X, A)2
Combining Lemma 10 with the bound ||Allz < 1, we find that (X, 6*)2 < 272 + 4. Since
Y £ (27 — 1)(X, %) + v, we have

Q)
E[Y? | ££] < E[2(X, %)% + 20% | ££] < 472 +10.

Putting together the pieces, we conclude that W(ES) < 41T63HJ51|(|)27'

Bounding ¥(&s5):. Recall that Z, = Y (X, 60,), so we have that

i

<

S

Y2
(Y (X 0u) 1+ e~ Y (X,0u))4 | 55]

V(&) < E[ (eT)?’
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where step (i) follows from the bound (D.la) and the observation that |(X, 6,)| > 7 condi-
tioned on the event &5.

Substituting our bounds on the two terms into the decomposition (E.13) yields

y?2 ] 47’3—1—107'+ 4 873—|—207+ 4
(eZe +e~Zu)td = 16[|0ull2 ~ (e7)? = 16]|6*]2  (e7)?

E[

Once again, sufficiently large choices of the constant ¢, and the signal-to-noise constant 7 in
equation (E.3a) yields the claim.

E.4.2. Proof of Lemma 9. In this section, we prove the probability bounds on events &;
through & stated in Lemma 9. In doing so, we make use of the following auxiliary result, due
to Yi et al. [12] (see Lemma 1 in their paper):

LEMMA 11. Given vectors v,z € R and a Gaussian random vector X ~ N(0,1), the
matriz ¥ =E[XXT | (X, v)? > (X, 2)?] has singular values

sin « _ sin o o —1 {(z—v,z+v)
(E.16a) (1 + - 1 - I U 1), where a = cos Tl =lz

Moreover, whenever ||v]|2 < ||z]|2, we have

(E.16b) P[(X, v)? > (X, 2)?] <

Proof of Lemma 9(i). Note that the event £ holds if and only if (X, 6*)(X, 6,) < 0, or
equivalently, if and only if

4X, 00X, 0,) = (X, 0" +6,)* — (X, 6% —0,)> <0.
Now observe that
107 = Oull2 < ul|All2 < |All2,  and |07 +0ull2 > 2[0%][2 — [[All2 > |7]l2 > [|A[l2-

Consequently, we may apply the bound (E.16b) from Lemma 11 with v = 0*+60,, and z = 0*—0,,

. c (0% —0u |2 A2 :
to obtain P[Ef] < T < o 8 claimed.

72
Proof of Lemma 9(iv):. For X ~ N(0,0%), we have P[|X| < 7] < 2expe 252 for any 7 > 0,
from which the claim follows.

Proof of Lemma 9(v):. For X ~ N(0,0?%), we have
2T
(E.17) P[lX|<7] < \/> for any 7 >0
To
from which the claim follows.
Proof of Lemma 9(vi):. Similarly, this inequality follows from the tail bound (E.17).

Proof of Lemma 9(iii):. This claim follows from parts (v) and (vi) of Lemma 9, combined
with the union bound.

Proof of Lemma 9(ii):. This bound follows from parts (iii) and (iv) of Lemma 9, combined
with the union bound.
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E.4.3. Proof of Lemma 10. For an event £, define the matrix I'(§) = E[XXT | £]. The
lemma concerns the operator norm of this matrix for different choices of the event £.

Conditioned on & N Ey: . In this case, we write
E[XXT] = F(gl N 52)1@[51 N 52] + F((El N 82)C)P[(81 N 82)6] > F(gl N 52) P[gl N 52]

Since E[X X7 = I, we conclude that [T'(&1NE)[lop < m
P[€1 N &) > 5. Parts (i) and (ii) of Lemma 9 imply that

, and hence it suffices show that

A«
- * - * - e 2.
16+]l2 [16*]l2 [|ull2

P[Sl N 52] >1

For appropriate choices of ¢, and the constant 7 in the signal-to-noise condition (E.3a), the
claim follows.

Conditioned on £7: . As before, note that the event £ holds if and only if the inequality
(X, 0% + 0,)| <|(X, 0" —0,)| holds. Consequently, Lemma 11 implies that ||I'(E])[lop < 2.

Conditioned on £5: . We make note of an elementary fact about Gaussians: for any scalar
a > 0 and unit norm vector |[v||2 = 1, for X ~ N (0, ), we have

(E.18) IE[XXT | (X, v)] < a]flop < max (1,a2).

In particular, when o < 1, then the operator norm is at most 1. This claim follows easily from
the rotation invariance of the Gaussian, which allows us to assume that v = e; without loss
of generality. It is thus equivalent to bound the largest eigenvalue of the matrix

D:=E[XX"||Xi| <ql,

which is a diagonal matrix by independence of the entries of X. Noting that Di; < o? and
Dj; =1 for j # 1 completes the proof of the bound (E.18).

Applying the bound (E.18), we find that |I'(ES)[lop < max (1, ﬁ) Consequently, the
ull2

claim follows by making sufficiently large choices of ¢, and the constant 7 in the signal-to-noise
condition (E.3a).

Conditioned on E§: . The bound (E.18) implies that [|[E[XX” | £§][lop < max {1, ﬁ} As
2

in the previous case, choosing ¢, and 7 appropriately ensures that ﬁ <1
2
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