36-705: Intermediate Statistics Fall 2019
Lecture 12: September 25

Lecturer: Siva Balakrishnan

Today we will first prove the factorization theorem (see previous notes) and then discuss
sufficiency in more detail.

12.1 Minimal sufficiency

As we have seen previously sufficient statistics are not unique. Furthermore, it seems at
least intuitively that some sufficient statistics present much more reduction than others (for
instance in the Poisson model both the mean and the entire sample are sufficient).

This motivates the following definition of minimal sufficient statistics:

Minimal Sufficiency: A statistic T'(xy,...,x,) is minimal sufficient if it is sufficient,
and furthermore for any other sufficient statistic S(z1,...,z,) we can write T'(z1,...,z,) =
g(S(xq,...,xy,)), .e. T is a function of S.

There is unfortunately no straightforward way to verify this condition. Analogous to the
factorization theorem we have a condition that we can check.

Theorem 12.1 Define

P, - Yni 0)
p(zy, ..., x,;0)
Suppose that a statistic T has the following property:

Rz, .., Tn Y1, Yns 0) =

R(zy,...,2n,y1,...,Yn;0) does not depend on 0 if and only if T'(y;,...,y,) =
T(xy,...,2p).

Then T is a MSS.
Before we prove the theorem let us consider some examples.

Example 12.2 Suppose that Y1, ..., Y, are i.i.d Poisson ().
P,y 0) = PR P, ynif) | BV
T [My: 7~ play,..;200)  [Tw!/ ]!
which is independent of 0 iff " y; = > x;. This implies that T(Xy,...,X,) => .1 Xi isa

mainimal sufficient statistic for 6.
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The minimal sufficient statistic is not unique. But, the minimal sufficient partition is unique.

Example 12.3 Cauchy.

1
P b) = T o)
Then n
gy _ 105
et -1;[1{1 + (y; — 0)*}

The ratio is a constant function of 0 if
T(Xl, e ,Xn) - (X(1)7 ot ,X(n))

It is technically harder to show that the ratio is independent of 6 only if T s the order
statistics, but it could be done using theorems about polynomials. Having shown this, one
can conclude that the order statistics are the minimal sufficient statistics for 6.

Proof: This proof is a bit technical so feel free to skip it.

We prove this in two steps. We first show that T is a sufficient statistic and then we check
that it is minimal. We define the partition induced by T', as {A; : t € Range(T")} and for
each set in the partition A; we associate a representative (xy, ..., %) € A

T is sufficient: = We look at the joint distribution at any (xi,...,z,). Suppose that
T(zy,...,z,) = u, then consider (y1,...,9yn) := (Tu1, ..., Tun). Observe that, (y1,...,yn)
depends only on T'(z1,...,z,), i.e. the point y is a function of the statistic 7" only. Now we
have that,

p('rla R ,$n,9) :p(yh R 7yn79)R(y17 s Yn, L1y e 7$n;6>7

and since T'(z1,...,2,) = T(y1,...,Yn), R does not depend on 6. Recalling that (yi,...,y,)
is only a function of T'(z1,...,x,) we have that,

p(1, .. 203 0) = g(T (21, ..., x0);0)h(x1, ..., 20),

where g corresponds to the first term and h corresponds to the R term. We conclude that
T is sufficient.

T is minimal: As a preliminary we note that the definition of a minimal sufficient statistic
could be equivalently written as: T is a MSS if for any other sufficient statistic S, if we have
that S(xy,...,x,) = S(y1,...,y,) then we also have that T'(z1,...,2,) = T(y1,...,Yn).
This is equivalent to the statement that 7" is a function of S.
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Consider, any other sufficient statistic S. Suppose that, S(z1,...,z,) = S(y1,...,Yn), then
by the factorization theorem we have that,

p(1, .. w0 0) = g(S(xy, ... 2);0)h(xy, ... )

h([El,- 7xn)
=9(S(1,-- - yn);Oh(yr, ..., Yn
9(SWrs - yn); O)(ys, - -y >h(y1, o)
h(!Bl,...,[L‘n)
=W, Yny )
(1 )h(yhvyn)
so we have that R(x1,...,Zn,¥1,...,Yn;0) does not depend on 6. So we conclude that
T(x1,...,xn) =T (Y1,...,Yn) and so T is minimal. n

12.2 Minimal sufficiency and the likelihood

Although minimal sufficient statistics are not unique they induce a unique partition on the
possible datasets. This partition is also induced by the likelihood, i.e.

Suppose we have a partition such that (z1,...,z,) and (yi,...,y,) are placed in the same
set of the partition iff L(0;xq,...,x,) o< L(0;y1,...,Yn), then the partition is the minimal
sufficient partition.

You will prove this on your homework but it is a simple consequence of the characterization
we have seen in the previous section.

12.3 Sufficiency - the risk reduction viewpoint

We will return to the concept of risk more formally in the next few lectures, but for now let
us try to understand the main ideas.

Setting: Suppose we observe X7, ..., X, ~ p(X;0) and we would like to estimate 0, i.e. we
want to construct some function of the data that is close in some sense to 8. We construct

~

an estimator 6(Xy,...,X,). In order to evaluate our estimator we might consider how far
our estimate is from 6 on average, i.e. we can define

R(6,0) =E(6 — ).

We will see this again later on but the risk of an estimator can be decomposed into its bias
and variance, i.e.

E(0 — 6)> = (Ef — 0)* + E(0 — EA)?,

where the first term is referred to as the bias and the second is the variance.
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There is a strong sense in which estimators which do not depend only on sufficient statistics
can be improved. This is known as the Rao-Blackwell theorem.

Let 6 be an estimator. Let T’ be any sufficient statistic and define 6 = E[6]T.
Rao-Blackwell theorem:

R(6,0) < R(6,0).
We will not spend too much time on this but lets see a quick example and then prove the
result.

Example: Suppose we toss a coin n times, i.e. Xi,..., X, ~ Ber(f). We consider the
estimator:

é\ = X17
and the sufficient statistic 7' =Y, X;, then

0 =E[X\|T] = E[X;| > Xi].
I claim that the conditional expectation is simply the average, i.e.
g zn: X
n i=1 )

First, let us check this in the case when n = 2. If X; + X, = 2 then X; = 1, and if
X1+ Xo =0, X; =0. In the case, when X; + X5 = 1, we have X; = 1 with probability 1/2
and 0 with probability 1/2. So we conclude the conditional expectation is (X; + X5)/2.

More generally, if we have Y X; = k, then of the (Z) equally likely possibilities we have that
X1 =1 for (”_1) of them so that the conditional expectation is simply:

B Y X = K] = (,@1) -5

k-1

as desired.

We observe that both estimators are unbiased but the variance of the Rao-Blackwellized
estimator is (1 — 6)/n as opposed to the original estimator which has variance 6(1 — 0).

Proof of Rao-Blackwell: Observe that,

R(9,0) = E[(E[0|T] — 0)?]
= E[(E[6 — 0|T))?
< E[E[(0 — 0)*T]
= R(0,0)
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The inequality is Jensen’s inequality (equivalently just Var(X) = E[X?] — (E[X])? > 0).

A question worth pondering is: why does it matter for Rao-Blackwellization that T is a
sufficient statistic?



